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' Abstract. A system of PDOs(=Partial Differential Operators) has two non-commutativities, (i) one 

CO ' from [dq,q\ = 1 (Heisenberg relation), (ii) the other from [A, B] 7^ for A,B being matrices in general. 

' Non-commutativity from Heisenberg relation is nicely controlled by using Fourier transformations (i.e. 

the theory of ^DOs=pseudo-differential operators). 

Here, we give a new method of treating non-commutativity [A, B\ 7^ 0, and explain by taking 
^ ' the Weyl equation with external electro-magnetic potentials as the simplest representative for a 

' system of PDOs. More precisely, we construct a Fourier Integral Operator with "matrix-like phase 

, and amplitude" which gives a parametrix for that Weyl equation. To do this, we first reduce the usual 

^ ~ 1 matrix valued Weyl equation on the Euclidian space to the one on the superspace, called the super Weyl 

' equation. Using analysis on superspace, we may associate a function, called the super Hamiltonian 

function, corresponding to that super Weyl equation. Starting from this super Hamiltonian function, 
, we define phase and amplitude functions which are solutions of the Hamilton-Jacobi equation and the 

C " 3 ■ continuity equation on the superspace, respectively. Then, we define a Fourier integral operator with 

' these phase and amplitude functions which gives a good parametrix for the initial value problem of that 

"■^^ ' super Weyl equation. After taking the Lie-Trotter-Kato limit with respect to the time slicing, we get 

the desired evolutional operator of the super Weyl equation. Bringing back this result to the matrix 
■ formulation, we have the final result. Therefore, we get a quantum mechanics with spin from a classical 

mechanics on the superspace which answers partly the problem of Feynman. 
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1. Introduction and Result 

1.1. The method of characteristics. It is well-known that the following initial value problem on the 
region O in Ri+™ 

' d ™ d 

— w(i, q) + ^ aj{t, q)—u{t, q) = b{t, q)u{t, q) + f{t, q), 

< j=i 
. u{t,q) = u{q), 

is solved by the method of characteristics. Denoting the solution of the characteristic equation 

= aj{t,q{t)), 

qj{t)=gj (i = i, 
by 

q{t) = q{t,t;q) = {qi{t), • • •, e M", 

we get 

Proposition 1.1. Let Uj G C^{Q : M.) and b, f G C{Q : M.). For any point {t,q) G Q, we assume that u 
is in a neighbourhood of q. 

Then, in a neighbourhood of {t,q), there exists uniquely a solution u{t,q). More precisely, putting 

X VdTB{r,q) [ /"* , - V dr B{r ,q) ^ , , , \ 

U{t,q) = e-^i dse 4 - F{s,q) + u{q) \ , 

that solution is represented by 

u{t,q) = U{t,y{t,t;q)) 

where B{t, q) = b{t, q{t,t; q)), F{t, q) = f{t, q{t,t; q)) and q = y{t,t; q) is a inverse function derived from 

q = q{t,t;q)- 

Problem: Is it possible to extend the method of characteristics to the system of PDOs? 

1.2. Weyl equation. We take the Weyl equation as the simplest representative of a system of 
PDOs and we give an answer of the following problem. 



Problem: Find if possible, an explicit representation of'ip{t,q) : R x ^ satisfying 

ifi^VX^! q) = 
= V'(«) 



tn^ij{t,q)=U{t)i;{t,q), 
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where, t is an arbitrarily fixed initial time and 

3 

H(t)=H(i,g,^^) =^ccrfe(^A_£^,(t,^)) +eA^{t,q). (1.1) 
In the above, the Pauh matrices {cTj} is represented by 

o)' 7)' -^3= (J <To=i2=(j 

Remark. Though the meaning of explicit representation is not so clear, but it's meaning will be 
clarified in the sequel. 

Claim: We define a good parametrix for the initial value problem for the Weyl equation with 
a given external timc-dcpcndcnt clcctro-magnctic field (j4o(t, g), g), ^2(^7 A^{t^q)) by Super 
Hamiltonian Path-Integral Method. Here, essential is to introduce "the Hamiltonian mechanics 
corresponding to the Weyl equation" , and to define Fourier Integral Operators using quantities based on 
the Hamilton-Jacobi equation. 

1.3. Important Remark. In general, if one wants to study the precise properties of the solution of 
PDO, one uses the properties of corresponding classical mechanics defined by the symbol of PDO to 
mention the fine structure of the solution of PDOs. But this theory of "fDOs isn't applicable directly to a 
system of PDOs. For example, one doesn't know how one defines the Hamilton flow for a system 
of PDOs. Therefore, one needs to apply the technique of ^fDOs after diagonalizing the given system. 

In this paper, we treat the aforementioned two non-commutativities on equal footing by 
introducing odd variables, therefore, we treat matrices as they are. 

Our object of this paper is not to prove the well-posedness of (W) as a symmetric hyperbolic 
system. Rather, we treat a system of PDOs as it is, in other word, we never concern with the properties 
of characteristic roots of the given system, but we define the Hamilton fiow for that system after 
reformulating it on the superspace. (As is well-known, we may apply the so-called energy methods to a 
symmetric hyperbolic system without regarding characteristic roots.) 

1.4. Superspace setting and Result. By introducing odd variables to decompose the matrix 
structure, we first reduce the usual matrix valued Weyl equation (W) on the Euclidian space M x M'' to 
the one on the superspace M x ^K'^'^, called the super Weyl equation (SW) on the superspace M x IH'^I^: 

I ^h^u{t, X, e) = X, e, ^)u{t, X, 9), ^g^^ 

[ u{t, X, 6) = u{x, 6). 

Remark : The most important thing here is that every quantities appeared above (SW) are like 
scalars though non-commutative! 

Claim: There exists the classical mechanics corresponding to the (super) Weyl equation and that a 
parametrix of it is constructed as a Fourier integral operator using phase and amplitude functions defined 
by that classical mechanics. (We call this a good parametrix because not only it gives a parametrix 
but also its dependence on the quantities from classical mechanics is explicit.) 

Therefore, the (super) Weyl equation is regarded as to be obtained by quantizing that classical 
mechanics after Feynman's procedure. Because that (super) Weyl equation is "of first order" both 
in "even and odd variables" , we need to modify Feynman's argument from Lagrangian to Hamiltonian 
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formulated "path-integral" (compare arguments between Fujiwara [7] and Inoue [15] for the Schrodinger 
equation and see also Inoue and Maeda [19] for the heat equation with the scalar curvature term). 

The precise meaning of the above claim is formulated as follows: 

Theorem 1.2. Let {Aj{t, g)}^=o S C°°(K x : M) satisfy, for any fc = 0, 1, 2, • • •, 

IP,-||U,oo= sup |(l + |g|)l^l-i5g^^,-(i,g)| <oo for j = 0,---,3. (1.2) 

t,q,\i\=k 

For \t — f| sufficiently small, we have a good parametrix for (SW) represented by 

U{t,t)u{x,e) = (27rfi)~3/2^ / dCd7rI?i/2(f,t;x,0,^,7r)e*^"'^(*'^'^'^'«'").Fu(e,7r), 

for u{x,9) Glp^scv <^nd is extended to f.^^ ^^{^'^^'^) . Here, S{t,t;x,0,£,,-K) and T>{t,t;x,6,^,iT) satisfy 
the Hamilton- J acohi equation and the continuity equation, respectively: 

(H-J)|ai'^ + K*'^'a^'^'a^)=0' and iC)\3i^^3-x(''^)^3-e(''^)='^ 
\ Sit, t;x,e, t tt) = {x\0 + {0\Tr), [ V{t, t;x,e,^,7r) = l. 

Remark. The assumption (1.2) garantees the suitable estimates for phase and amplitude functions. 
Using the identification maps 

fl : L\R' : C^) ^ ^L,ev(^"') and b : fss,e.i^'^') ^ L\R^ ^ C^), 

we get 

Corollary 1.3. Let {Aj (t,g)}3^o e C°°(R x . satisfy (1.2). For \t - t\ sufficiently small, we have 
a good parametrix for (W) represented by 



U(i,i)V(«) =K27r/i)-^/'fi / d^dTTV^'^{t,t;x,e,^,Ti)e'^ '^^'''-■^''^'>'^'^'^T{U){i,T^) 

J!n3|2 



Remarks. (0) The result of this paper is announced in Inoue [18]. Though the notion of superanal- 
ysis on Prechet-Grassmann algebra seems not so familiar even today, we have no space to present a part 
of elements of superanalysis in this paper. If the reader is strange to the notion such as even and odd 
variables, elementary and real analysis on super-smooth functions, please consult, [10, 13, 14, 18, 22]. 
We hope the procedure employed here will help to study the propagation of singularities of a system of 
PDOs and others, after developping theories of ^fDOs and FIOs to those on superspaces. 
(1) The problem how to regard the spin system following the Feynman's principle, is posed 
in p. 355 of the book of Feynman & Hibbs [6]. J.L. Martin [30, 31] gave an idea of how to make the 
correspondence from the Fermi oscillator to the classical objects on a non-commutative algebra. On the 
other hand, without knowing Martin's results, Berezin & Marinov [2] tried to construct the classical 
mechanics which produces both boson and fermion equally by "quantization" . 

We answer a part of the problem of Feynman using superanalysis, by taking the Weyl equation 
as the typical and the simplest example of the spin system. 

Feynman proposed that the solution of Schrodinger equation 

^^at =-2M^2:a^+^(*'«)" 

i=l ' 

is represented by 

u{t,q)= [ dq'F{t,q,q')u{0,q') 
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S{t,0,q,q')= inf / ds L{s,j{s),^{s)), D{t,0,q,q') = dct 



with 

F{t,q,q')= / [rfF7]exp ih'^ / ds L{s,^{s),j{s)) 
JT^t,,,,' L Jo 

L{t,q,q) = ^ + V{t,q), 

'Pt,g,g' = {7 e AC{[0,t] : R™) I 7(0) = q', 7(i) = 

with dp'y = notorious Feynman measure on Vt,q,q'- 
Feynman-Hibbs [6] posed a question whether this derivation of quantum mechanics from 
classical quantities is applicable to spin systems, such as Dirac and Pauli equations. 

Since there exists no non-trivial Feynman measure [drj] on Vt,q,q' , we try to give a 
mathematical meaning to the above expression. Under certain condition on V, Fujiwara 
[7] defines 

F{t, Q)u{q) = [ dq' D{t, 0, q, g')'/^e*'^"'^(*'°'«'9')u(g') 

with 

dqtdq'^ J ' 

and he proves that F{t, 0) gives a good parametrix. Moreover, Fujiwara [8] gives a kernel 
representation of the fundamental solution. 

Since the above procedure is l)ased on the Lagrangian formulation, we need to re- 
formulate it in the Hamiltonian setting as Inoue [15], called Hamiltonian path-integral 
method. After reformulating a certain first order system of PDOs in the supcrspace, we 
claim to apply the above Hamiltonian path-integral procedure to that first order system 
of PDOs. But this paper gives a partial answer to the Feynman's problem, because we 
have not yet constructed an "explicit integral representation" of the fundametal solution 
itself. To do this, we need to prepare more elaborated composition formulas of FIOs as 
in [8]. 

(2) We may extend our procedure to the case where the electro-magnetic potentials are valued in 2 x 2- 
matrices, if the quantity Aq defined below is real valued and the condition (1.2) is satisfied for all {vl^*'}. 

In fact, by decomposing 

Aj{t,q)=Afh2+Af^ai+Afa2 + Af(T3 for j=0,---,3, with A^^ = A^;\t,q) e R, 
we have 

(rjAj{t, q) + Ao(t, q)l2 = (^jAj{t, q) + Ao(t, q)l2, 

where 

ii = Af + + i{Af - 4^1), A2 = 4°' + 4= + - Af^ As = 4' + 4= + i{Af^ - 4=), 

io = 4°'+4''+4''+4''- 

(3) Even if the electro-magnetic field is time-independent, that is, H(t) = H, and the existence of a 
self-adjoint realization of H in L^(IR^ : C^) is assured, our result above is new in the following sense. It is 
well-known that e~'^ ''^ip gives a solution of (W) by Stone's theorem. Moreover, by the kernel theorem 
of Schwartz, there exists a distribution E(t, q, q') such that e~'^ ^™ij;{q) = (E(t, q, •), '^(•)), where (•, •) is 
the duality between V and V. Therefore, our result here answers partly the problem how one may 
express the kernel of operator e~'^ ™ using "classical quantities". 
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(4) Especially, in case e = 0, lLJ(t, 0) gives an explicit solution of (SW) with 

7t = ch~'^t\§\, 6t = \§\ cos7t - sin7t, 

Se=o{t,Q;x,^,e,TT) = {x\Q + ^ =i =^ =i =^ , 

ot 

VeMt,O;x,^,0,TL) = |^r'[|e|cos7t-i^sin7t]'. 
It is worth remarking that "classical quantities" above contain the parameter h. This means in a sense 
that "a spinning particle has no classical counter-part" as Pauli claimed one day. 

(5) We use Einstein's convention to summing up repeated indeces unless there occurs confusion. 

2. Outline of Proof 

2.1. Interpretation of the method of characteristics. To explain the meaning of "explicit repre- 
sentation" , we reconsider the method of characteristics by taking the simplest example: 

th—u{t,q) = a-—u{t,q) + bqu{t,q), , , ^ , 

at ^ ' I dq ^ ' for a, (2.1) 

u{Q,q) =u{q), 

Prom the right-hand side of above, we define a Hamiltonian as follows (more precisely, the Weyl symbol 
should be derived): 

H{q,p) = e-'f^'^'f (a^^ + h<^e'^~''^P = ap + bq. 

The classical mechanics (or bicharacteristic) associated to this Hamiltonian is given by 
r q{t) Hp a, ^^^^ ^^^^ / jO)\ ^ /£\ 

\p{t) = -Hg = -b \Pi^)J \PJ 

which is readily solved as 

q{s)=q + as, p{s)=p-bs. 
Prom above Proposition, putting t = 0, we get readily that 

U{t,q)=u{q)e-'^"^''^'+^~"''''*"l 
As the inverse function of g = q{t, q) is given hy q = y{t, q) = q — at, we get 

u{t,q) = C/(t,g)|,=^(t,g-) = n(g- ai)e-^''"'(''^*-2"'«^*'). 

We remark that there is no flavor of classical mechanics of this expression because we use only a part q{-) 
of bicharacteristics (g(-),p(-)). 

Another point of view from Hamiltonian path-integral method: Put 

5o(i,g,p)= / ds[q{s)p{s)-H{q{s),p{s))\=-bqt-2-^abt', 
Jo 



S{t,q,p) = qp + So{t,q,p) 



= qp — apt — bqt + 2 ^abt^. 

Then, the classical action S{t,q,p) satisfies the Hamilton- Jacobi equation. 

^^S + H{q,d^S) = 0, 
S{0,q,p) = qp. 

On the other hand, the van Vleck determinant (though scalar in this case) is calculated as 



d^S{t,q,p) 
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This quantity satisfies the continuity equation: 

d OH dS 

-D + d,{DH,) = where H, = — {q, — ) , 

D{0,q,p) = l. 

As an interpretation of Feynman's idea, wc regard that the transition from classical to quan- 
tum mechanics is to study the following quantity or the one represented by this procedure (the term 
"quantization" is not so well-defined mathematically): 

u{t,q) = {2TTh)-^/^ [ dpD^/^{t,q,p)e'''''^^*''^'P>u{p). (2.3) 

That is, in our case at hand, we should study the quantity defined by 

u{t,q) = {2nh)-^/^ [ rfpe*'^"'^(*'«'%(£) 

= {2wh)-' f f dpdge*''"(^(*.9,P)-iP)u(g) = u{q - at)e^'^"'(-''«*+2"'»''*'). 



Therefore, we may say that this second construction (2.3) gives the explicit connection between the 
solution (2.1) and the classical mechanics given by (2.2). We foci the above expression "good" because 
there appear two classical quantities S{t,q,p) and D{t,q,p) explicitly and we regard this procedure as 
an honest follower of Feynman's spirit. 

Claim: Applying superanalysis, we may extend the second argument above to a system of PDOs 
e.g. quantum mechanical equations with spin such as Dirac, Weyl or Pauli equations, (and if possible, 
any other system of PDOs), after interpreting these equations as those on superspaces. 

2.2. Our procedure. (I) We identify a "spinor" ip{t,q) = *(V'i(t, g), V2(t, g)) : RxR^ _^ with an even 

supersmooth function u{t,x,9) = uo{t,x) + Ui{t,x)9i92 : K x 91^'^ — !■ £ov Here, O^'^'^ is the superspace 
and uo{t,x), ui{t,x) are the Grassmann continuation of ijji{t,q), ijj2{t,q), respectively. (The reason why 
we don't identify ip{f,, q) with u{t, x, 9) — U()(t, x) + ui{t, x)9 for one odd variable 9, is clarified in [13].) 

(II) We represent matrices {(Tj} as (even) operators acting on u{t,x,6) such that 



d9id92 ' 

,'"(*'ae) = '-''ae7-*"afe- 

(III) Therefore, we may introduce the differential operator which corresponds to H(i, g, —ihdq): 

^(*' ^' 7 ^' I) = I) (i ^ - + ^'-'^ 

j=i J 

It yields the superspace version of the Weyl equation represented by 

ih^uit^ X, 9)=H{t,x^^^, 0, ^)u{t, X, 0), ^2.6) 
u{t, X, 0) = u{x, 0). 



(IV) Using the Fourier transformation on superspace fH™'", we have the "complete Weyl symbol" 
of (2.5) as ordinary case. In our case, we put U = h, n = 2 and v{0) = Vo + V16162, w{it) = Wo + Wi7ri7r2: 

(Fow)(7r) = h [ d0e-'^~'<^^''Ki0) = hvi + /j-^wottitts, 
{Fow){0) = h [ d7re'''"'<^l''>w(7r) = hwx + h-^WQ0x02. 
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Therefore, the Weyl symbols of crj{0, de) are given by 

< (T2{0,'k) = i{6l62 — K~^'Kl'K2)-, 

. CT3(6',7r) = -i?l-^(6ii7ri + 621^2). 



(2.7) 



Moreover, we put 



n{t,x,^,e,7T) = Y,caj{e,7r){^j - -Aj{t,x)) +eAo{t,x). 



(2.8) 



(V) As H is even, we may consider the classical mechanics corresponding to W(t, x, ^, 9, tt): 
' d dH{t,x,i,e,-K) 



caj{6,-K), 

3 



d dn{t,x,^,0,'K) ^ 

■> k=l ■> 



dt 

^ —( 

di 

—I 
di 

d 



dAk{t,x) _^dAoit,x) 



(2.6)e 



dxi 



'2 = 



I, dt 



dm 




dn{t,x,i,e 




81^2 




dn{t,x,^,i 








dn{t,x,i,6 





= ch "^{rji — 11)2)1^1 — ich ^r?3^2, 



(2.6) 



od 



862 



In the above, we put 



(2.10) 



(2.11) 



Vjit)=^jit)--Aj{t,x{t)) for i = 1,2,3, 
and at time t = t, the initial data arc given by 

ix{i),at),0{t),Tr{t)) = {x,^,e,TL). 

Then, we have the following existence theorem. 

Theorem 2.1. Let {Aj(<,g)}3^o e C°^{R x : M). 

(0) For any T > and any initial data {x,S,,0,n) £ 9^^'^ = T*^R^^'^ , there exists a unique solution 
{xit),^it),eit),TTit)) o/(2.6)ev and (2.6)od on [-T,T]. 

(1) The solution {x(t),£^{t),d{t),Tr{t)) 0/ (2.6)ev and (2.6)od on [—T,T] is "s-smooth" in {t,x,(,,0,Tr). 
That is, smooth in t for fixed {x, ^, 9, tt) and supersmooth in {x, ^, 6, tt) for fixed t. 

(2) Assume, moreover, that {Aj{t,q)}^j^Q satisfy (1.2). 

(i) Then, we have, for t,te [-T,T], and A; = |a + /3| = 0, 1, 2, • • • , 

\TrBdp^^{x{t,t;x,^,0,lL) - x)\ = 0, 

iTrB^iaf ($(t,t;x,e,^,7r) -01 < £|^-^|<5o|/3||||^o||||c«|+l,oo• 



(2.12) 



%i) Let \t — t\ < 1. If \a + b\ = 1 and k = \a + P\ = 0,1,2, ■■■ , there exist constants c[''^ (with 



C[^^ =0) independent of {t,^,6) such that 



iTTBdpldidlieit, t-x,^, e, tt) -m< ^ \t - t|(i/2)(i-(i-fe)+)^ 
\nBd:dld^edl{<t,t\ii,U-,K)-iL))\ < ci'^\t-t\^'/^^^'-^'-''^+K 



(2.13) 
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(in) Let \t — t\ < 1. If\a + b\ = 2 and k = |a+/3| = 0, 1, 2, • • • , there exist constants C^^^ independent 
of {t,^,0) such that 

\nBdp^^dldt_ix{t,t;x,i,e,7L)-x)\ < ci'^\t - tf+^^'^^'-^'-'^^^K 



(2-14) 

\nBd^d^^dldt_m t;x4,9,7L)-0\< \t - V2)(i-(i-/=)+) 



(iv) Let \t — t\ < 1. // |a + 6| = 3 and k = \a + (3\ = 0, 1, 2, • • • , there exist constants C^'^^ independent 
of{t,S^,9) such that 

\nBdyldldt_{e{t,t;x,^,9,n)-m<ct^\t-tf/'^^^^^^ 



(2-15) 

\nnd:d^^dld'^{7r{t,t;x,i,e,n)-K))\ < |i - i|3/2+(V2)(i-(i-ft)+) 



(v) Let \t — t\ < 1. If \a + b\ = 4 and k = \a + /3\ = 0,1,2, ■■■ , there exist constants cf'^ independent 
of {t,^,0) such that 

\nBd^d'^d^dlix{t,t;x,te,n)-x)\ < cf |t _ i|5/2+(i/2)(i-(i-fc)+)^ 

~ ~ (2.16) 

\nBdldldld'^mt,x,i,0,n)-O\<ci'^\t-tf^^^^ 

Remark. In the following, we denote the solution x{t) = {xj{t)) by x{t,t) = {xj{t,t)) with 
Xj{t) = Xj{t,t) = Xj{t,t;x,^,6,7i), etc. if necessary. 

On the other hand, we have 
Theorem 2.2. Let {Aj{t,q)yj^Q £ C°°{R xR^ -.R) satisfy (1.2). 

For x{t,t;x,^,9,n), 9{t,t;x,^,9,n), £,{t,t;x,^,9,TT), ■7T{t,t;x,^,9,TT) solutions o/(2.6)ev and (2.6)od ob- 
tained in Theorem 2.1, there exists a constant < 5 < 1 such that the fallowings hold: 

(i) For any fixed {t,t; ^,tt_), \t — t\ < S, the mapping 

9^^'^ ^ ix,9) ^{x = x{t,t;x,l,9,TL),e ^ d{t,t;x,^,9,Ti)) e IH^'^ (2.17) 

gives a supersmooth diffeomorphism. We denote the inverse mapping defined by 

Dl^l' 3 {x, 9) ^ {y = y{t,t; x, ^,9,Tr),u; = u;{t,t; x, C, 9,n)) € ^H^l^, (2.18) 

which is supersmooth in {x,^,9,2£) for fixed {t,t). 

(a) Let \a + b\ = 0. We have 

( \TrBd^dl{y{t,t;x,^,9,2L) - x)\ = 0, 

{ - - (2.19) 

\ \y^%,t;x^'\f^)-x^'M < C2\t-t\il + \x^°^\ + |^[01|). 

(Hi) Let \a + b\ = 1. For k = \a + P\, there exists a constant c[''^ such that 

\nBd^dldldi{oj{t,t-,x,i,9,K)-9)\ < (7f)|t-i|(i/2)(i-(i-fc)+). (2.20) 

(iv) Let \a + b\ = 2. For k = \a + there exists a constant ^^^/i that 

\T,Bd^dldldl{y{t,t-,x,i,9,TL) - x)\ < (7f (2.21) 

(v) Let \a + b\ = 3. For k = \a + p\, there exists a constant c'^'' such that 

\TrBd^d^dld^J,uj{t,t;x,{,9,TL) - 9)\ < ) |t - t|3/2+(i/2)(i-(i-fc)+)_ (2.22) 

(vi) Let \a + b\ = 4. For k = \a + f3\, there exists a constant such that 

\nBdtdldldl{y{t,t-,x,i,9,TL)-x)\ < cf)|t-f|5/2+(V2)(i-(i-fe)+). (2.23) 
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(VI) Now, we put 

So{t,t;x,^,e,Tr) = J* ds{{x{sms)) + (^(s)|7r(s)) - a:(s), ^(s), 7r(s))}, (2.24) 



and 



S{t, t;x,^,e,n)= { {x\0 + (Mil) + So{t, t;x,^, 6, n) 



x=y(L.i:x,i,e,i£) ■ 



(2.25) 



(2.26) 



Theorem 2.3. S{t,t;x,^,9,]i) satisfies the following Hamilton- Jacobi equation: 

d „ „ ,( dS - dS\ 

5(t,t;5,e,^,2L) = (5|0 + (%). 
Moreover, decomposing 

S{t, s;x,^, 0, tt) = SB{t, s;x,0+ Ss{t, s;x,^, 9, n) (2.27) 

with 

SbH, s;x,^) =S{t,s;x, ^, 0, 0) = Soo{t, s;x,^), 
Ss{t,s;x,e,^,Tv)= Scd{t,s;x,O0^TT'' 

\c\ + \d\=even>2 
2 

= Sro9i92 + J2 ^c,d,9''T^''' + 5oi7ri7r2 + 5n(^i^2^i^2, (2-28) 

where = (0,0), 1 = (1,1), ci = (l,0) = di, ca = (0, 1) = e {0, l}^ 
we get the following estimates: For any a, fi, there exist constants Cap > such that 
\dyl{S-oo{t,s;x,0 - {xm < + k|)(i-l«l)+%||t- 5| 

\dy^Sro{t,s;x,0\ <Ca.0\t- s\, 

|a«af(5e,d,(i,s;a;,0-l)| <C„^|i-s| for j = 1,2, (2.29) 
\dylS-oi{t,s;x,0\ <Cc,0\t- s\, 
\d^d^^Sri{t,s;x,^)\ <C^0\t- s\. 

Defining (sdet denotes the super-determinant) 

V{t,t;x,^,9,K)=sdet = A^{t,t;x,^,9,7r), (2.30) 



we get 



Theorem 2.4. 'D{t,t;x,£^,9,Ti) or A{t,t;x,^,9,Ti) satisfies the following continuity equation: 

—Ti-\ (D + — I 2? = 0, 

dt dx\ d9\ On J ' (2.31) 



Or, we have 



V{t,t;x,^,9,TL) = l. 

At + {Ax,n^, + Ag,n^, + \A[d,,n^^ + de,n^,]] = o, 32) 

A{s, s;x,^, 9, tt) = 1. 

Here, the argument ofV or A is {t,t;x,^,6,n), those of d^H and OttH are {x,dxS,6,d§S), respectively. 
Decomposing 

A{t,s;x,^,e,Tr) = ^ Acd{t,s;x,^)9''n'' = AB{t,s;x,^) +Vs{t,s;x,^,9,TT), 

|c| + |d|=ei;eTi>0 (2.33) 
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as before, we get the following: If\t — s\ is sufficiently small, we have 

\d^dl{Am{t,s;x,^) - 1)1 < Cc,p\t-s\, 
\d^dlAiQ{t,s;x,^)\<Co,0\t-sl 

\d'SdlAc,d,{t,s;x,O\<Co,0\t-8\ for j = l,2 (2.34) 

\dylA-oi{t,s;x,0\ < Cc.fs\t - s\, 

\d^dlAii{t,s;x,O\<C^0\t-s\. 

In the following argument of this section, we change the order of variables and rewrite them from 
{t,t;x,^,9,7i) to {t,t;x,9,^,n), and then to (t, s;a;,^, ^,7r). 

(VII) We define an operator 

{Kit, s)u){x, 6) = C3,2 / / d^dir A{t, s;x,e, ^, 7r)e''^"''^(*'^ '=''^'^'''^J^u{^, tt). 

J J <R3|2xK3|2 ^2 35) 

On the other hand, we show readily 

where Ti.{t) is a (Weyl type) pscudo-diffcrcntial operator with symbol Ti.{t,x,9,S,,'K), that is, 
{H{t)u){x, 0)=cl2 I f dCdndydu e''^"'«^-^l«>+<^-'^l">) 

xn(t,^^,'-±^,i,.yiy,.). (2.37) 

Claim: The operator (2.35) is a good parametrix for (2.6). 

[good parametrix]: We call (2.35) as a good parametrix because it has the following properties: 

(a) This (2.35) gives a parametrix of the probelm (2.6), which has the explicit dependence on the classical 
quantities. That is, the Bohr correspondence is examplified even with spin structure. 

(b) As the infinitesimal generator of that parametrix, we have an operator 7i{t) which corresponds to the 
the Wcyl quantization for the symbol 7i(t, x, ^, 6, tt), that is, a certain symmetry is preserved naturally. 

(c) By Trotter-Kato's time-slicing method, products of (2.35) yield a fundamental solution as is presented 
in the following theorem. 

Theorem 2.5. Let {^j(t,g)}^=o ^ C°°(IR x . sate/t/ (1.2). 

(1) There exists a positive number 6 such that if\t — s\ < S then U {t, s) is a well defined bounded operator 
m .^gg(fH'^'^). Moreover, if \t — r\ + \r — s\ < 5, then there exists a constant C such that 

\\U{t, r)U{T, s) - U{t, s)||B(^2^(9t3|2), ^2^(SR3|2)) < C{\t - r|2 + |r - s\^). (2.38) 

(2) Let A be an arbitrary subdivision of the interval [s,t] or [t,s] for any t, s € R, such that 

A : s = to < ti < ■ ■ ■ < tN = t or A : s = to > ti > ■ ■ ■ > tN = t 
with \ A\ = maxi<i<jv \ti — ti-i\. We put 

UA{t,s) =U{tN,tN-l)U{tN-l,tN-2) ■ ■ ■U{ti,to). 

Then, lAj\{t,s) converges when |A| Q to an unitary operator £{t, s) in the uniform operator topology in 

.^gg(9^3|2^_ ^^^g 

precisely, there exist constants 71,72 such that 

||f(t,s) -Z^A(t,s)||B(^i3(SR3|2),^|3(jR3|2)) < 7i|A|e^^l^L (2.39) 
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(3) (i) 3 {t,s) £{t,s) e B(^sg(9l^|2),^^g(fH3|2^) continuous and satisfies £{t,r)£{r,s) = £{t,s). 
(a) For u e (2gg q($H^I^), we have 

ih^£{t,s)u = 'H{t)£it,s)u, ^2^^^ 
f (s, s)u = u. 

Remark: The reason for preparing complicated estimates in Theorems 2.1-2.4, is to apply the 
known L^-bounded theorem to our FIO. 

On the other hand, remarking that 

\)n{t)U = H(t)V, (2.41) 

and putting that 

li{t,s)i) = \>U{t,s)'^^, UA(t,s) = bWA(i,s)tt, ¥.{t,s)^p = \>£{t,s)U, (2.42) 

we have 

Theorem 2.6. Let {Aj{t,q)}]^Q G C°°(M x . sastisfy (1.2). 

(1) There exists a positive number 5 such that if\t — s\ < 6 then V{t, s) is well defined bounded operator 
in L^(M^ : C^). Moreover, if \t — r\ + \r — s\ < 5, then there exists a constant C such that 

||U(t, r)U(r, s) - U(i, s)||b(l2(r3:C2),l2(r3^c2)) < C{\t - rj^ + |r - sj^). (2.43) 



(2) For any {t,s) e M?, VA{t,s) converges when |A| ^ to an unitary operator ^{t^s) in the uniform 
operator topology in I/^(M^ : C^). More precisely, there exist constants 71,72 such that 

||E(t,s) -UA(t,s)||B(L2(R3,c^),i2(R3,c=)) < 7i|A|eT'=l^l. (2.44) 

(3) (i) M2 3 {t,s) E{t,s) e B(L2(m3 : C^),L'^{R^ : C^)) is continuous and satisfies E{t,r)K{r,s) = 
E{t,s). 

(ii) For i) e C^{R^ : C^), we have 

iinj^Eit,s)^ = m{t)E{t,s)ij, ^2^^^ 

[ E(s,s)V' = ip. 

Problem: Construct a kernel representation of E(i, s) (i.e. a fundamental solution). If we could 
do so properly, then we would give an answer of the problem posed by Feynman in p. 355 of [6]. To do 
so, we need to develop the theory of FIO on superspace more precisely. For example, we must extend 
the #-product formula for two FIP with different phaases which is done for FIO on ordinary Euclidian 
space. 



3. Classical Mechanics: Proofs of Theorems 2.1-2.5. 



3.1. Hamiltonian flows. 
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3.1.1. Proof of Theorem 2.1 (Existence). We rewrite (2.6)od as 



di 







feA 




(Oiit}\ 








02 


with 


02{t) 


_ ^2 






^2^ 






\2L2J 



(3.1) 



where 



( 





\-ih.{j]x{t) ^ ir]i(t)) 













ih-\r]i{t) - i7]2{t))\ 





Moreover, defining <Tj{t) = aj{0{t),'jT{t)), we have, by simple calculations, 



d_ 
di 



(72 = 2ch-^Y{t) (72 



with 



kO-3> 



<^2{t) 



Q.li.2 + ^ ^2^l2^2 

i{9^9_2 — fi~^7Li2l2, 



where 



/ -,n{t) V2{t) \ 
Y{t)= 7?3W -mit) . 
\-m{t) vi{t) J 

Now, we start our existence proof. We decompose variables, using degree, as follow: 



(3.2) 



(3.3) 



(3.4) 



w=E-rW' m=E^rit), e,it)=j:9r^^t), ^,it)=j:.r^^t). 



Then, we get, for m = 0, 1, 2, • • • , 

-I^™! where erf' = 0, 



dl2m] 



ca 



d^A2r, 

dr^ 



3 

m 3 



, [2m-2£] 



with 



a;[2™l(i)\ 



^[2r, 

^[2m| ) I 



(3.5) 



(3.6) 



and 



d_ 
di 



,[2m+l] 
2 

,[2m+l] 
1 



TT- 



£=0 



/^[2™+l- 


-2t]\ 




/^P'"+^l(t)\ 




/^[2™+l]X 


/,[2m+l- 
"^2 

[2m+l- 


-2£] 




4'"+''(t) 
^p"+^i(t) 




o[2m+l] 


-2£] 


with 




£2 

[2m+ll 


\2m+l- 


-2£] J 











d_ 
'di 



I [2" 



m— 1 


/ [2m- 
f C^i 


-2<?]\ 




Zap™ 






^ 2c;i-iY[2^1(t) 


[2m- 
^^2 


-2£] I 


with 




(i) = 




£=0 


[2m- 
\f^3 


-2l\ j 











Here, XP^l(t), YP^l(t), C7p^l(i) are the degree of 2£ parts of X(i), Y(t), (T(t), respectively: 



^1-1-^2-1-^3= 



dxi 



E. ,l<jl<2^ _^5,"a,^Ao(i,:rM).(xr)P^^l(xr)f^^^k4^)f''^ 



(3.7) 



(3.8) 
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and 



[2m] 



[2m] 



[2m] 



m — 1 



J2 |^^[2^+l]^[2m-2£-l] +;^-2^[2^+l]^[2m-2.-l]^^ 



m — l 



[2£+l]^[2m-2«-l] 



2 [2£+l] [2m-2£-l] 



^=0 



)■ 



m— i 



[0] Prom (3.6) with m = 0, we get 

rf_^[( 



'^xf\t) = and lM°](t) = -£ 



Therefore, for any t G 



(t) = and it) = -e f ds d^^ Af (s, a;["l ) for j = 1, 2, 3. 



[1] We put these into (3.7) with m = 0, to have 







d 




di 













^W(^)^ 


















with 






Uv 











(3.9) 



Here, X[°l(i) is a 4 x 4-matrix whose arguments depend on {t,t,x}-^^,^°\d^Ao,d^A;\a\ = 0, < 1) with 
values in C. Or more precisely, X[°l(f) has components given by 



it) = it) - -A, it, )=if-s[ ds d,^ (., ) - i it, ) 



As (3.9) is the linear ODE in (fH*^'^)^ with smooth coefficients in t, there exists a unique global (in time) 
solution, which has the following dependence. Putting A = (Ai, A2, A3), we have 

ef\t) = ef\t,x^^\f\e^^\Ti^^\d^Ao,d^A;\a\ = O, < 1), linear in ^W,7rW, 

(t) = ttW {t, , , e^'^ , zrl^l , d^Ao, d^A ; |a| = 0, < 1), linear in 6^'^ , ttI^I . (3.IO) 



[2] Por (3.6) with m = f , we have 

d [2] [2] 



l.[2] _^y-^[2]^_^ 



fe=l 



dxi 



with 



/xPl(<)=x[2l 

Upi(i)=^['i 



Then, using (3.8) with m = 1 and (3.10), we have, for j = 1, 2, 3, 



J2] 



^[2] 
^2 



' = t{g['' e\^' - h-''n['' ) , and <! 



A^^\x) = J2d,Mx^°y)x^K 



3 



fe=i 



Ur = -i/i-^(4^=4^' + 4^VW) 

Therefore, we have, for j = 1, 2, 3, 

= #(i,^[''U['^^W,2rW,5,^Ao,5"A;0 < £ < 1, |a| < 1, |/3| < 2). 
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[3] For (3.7) with m = 1, we get 



/0f\ 




(ef\ 












(of\ 


ef 
-f 




ef 
-f 




ef 
nf 


with 


of it) 

-fit) 




if 

ILf 


Vf) 








Wf) 




Vfif)) 




Wf) 



d_ 
dt 



Here, X[2l(t) is a 4 x 4-matrix whose arguments depend on {t,^'^^\^'^^\ep^ ,Ti^'^\d^Ao,d'^ A-0 < I < 
1, |a| < 1, < 2) with values in Cev 

Therefore, wc get, for fc = 1,2, 

ef{t) = ef{t,x^''\f'Ke^''+'ln}''+'\d^Ao,d^A;0< I < 1, \a\ < 1, < 2), 

-fit) = nf{t,x^'^e'M''^'\K^''^'\d^Ao,d^A;0< £ < 1, \a\ < 1, |/3| < 2). 

[4] Proceeding inductively, we get, 

f = xM(t,£[2^U'''U'''-'l,2l[''-'l,a,^^o,9,"A;0 < £ < m,\a\ <m-l,\P\< m), 

^ ^[2m] ^[2£] ^ ^[2^] ^ ^[2^-1] ^ ^[2^-1] ^ ^^"^ ; < < TO, |a| < m, < m + 1), 

^ (t,a;[2^1, ^[2^1, 0[2^+ll, ^[2^+1], Ao, ; < ^ < TO,|a| < TO,|/3| < TO + 1), 

[^[2-+i](t) =7r[2-+i](t,x[2^1,e[2^U'''+'U'''+'l,afAo,9,"^;0 < ^ < to,, |a| < to,, |/3| < to + 1). 
This gives the existence proof (Proof of Theorem 2.1). Remarking that at each degree, the solution of 
(3.6) and (3.7) is defined uniquely, we have the uniqueness of the solution of (2.6)ev and (2.6)od- O 

Moreover, we have easily 

Corollary 3.1. Let {x(t),^{t),e{t),'!r{t)) e C^iR : T*y{^\'^) be a solution o/ (2.6)ev and (2.6)od- Then, 
it satisfies 



dt 



H{t,x{t),at),Oit),Trit)) 



m 

'dt 



it,x{t),at),eit),7T{t)). 



(3.11) 



Using (2.10) and putting 



we rewrite (2.6)ev as 



Bjkit,x) 



dAkit,x) dAj{t,x) 



dx-i 



dxk 



^-Xj = C(7j{9,TT), 

to \u \ 9Ao{t,x) 
eakiO,Tr)Bjkit,x)-e—^ — 



(3.6);, 



fe=i 



Corollary 3.2. Let {^j(t,g)}|=o ^ C° 



satisfy (1.2). There exists a unique solution 



{x{t),f]{t),e{t),Tr{t)) e C^{R : T*9l^|2) of (3.6)^^ and (2.6)od with initial data 

£ 

ixit),fiit),9{t),n{t)) ^ {x,ri,S.,n) where V. = - -Aj{t, x). 
Moreover, they are related to {x{t),^{t),9{t),Tr{t)) as 

Xj{t,t;x,^,6,]T) = Xj{t,t;x,$, — -A[t,x),0,]T), 

Cjit,t;x,^,e,TL) = fij{t,t;x,§_- ^A{t,x),e,TL) + ^Aj{t,x{t,t;x,§_- ^A{t,x),e,n)), 

Okit,t;x,^,0,]i) =ekit,t;x,^~-A{t,x),e,n), 
- - c 

-kit,t;x,§^,9,T£) = nk{t,t;x,^- -A(t,x),9,]T). 
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3.1.2. Smoothness: Proof of Theorem 2.1 continued. For notational simplicity, we represent a;(f,t;^,^, ^,7r) 
as x{t) or X, etc. We investigate the smoothness of {x{t),^{t),6{t),Tr{t)) with respect to the initial data 
{x,^,6,7i). In the following, we put (1 — fc)+ = max(0, 1 — fc) for A; > 0. 

s-smoothness: In oder to prove the smoothness w.r.t. the initial data, we differentiate (2.6)ev and 
(2.6)od formally w.r.t. {x,^,6,Tr), which gives us the following differential equation: 



j^j^'\t) = n^^\t)j^'\t) with j«(o) = /. 



(3.12) 



Here 



f dxX d^x dex d^^xX 

dj d^O dee d^e 
\dxT^ d^TT den O-^tt J 



'dx^X-y dx^Xi dx,x{' 
9x^X2 dx^xi dx^X2 I , etc. 

vdxXs dxX3 dxX3j 



(3.13) 



with arguments {t, t;x,^, 6_, tt) and 



H<2>(t) 



/ dxd^n 
-dxdxH 
dxd^n 
V dxden 



-d^dxH 
d^den 



dedxH d^dxH 
-dedeH -d-^deli J 



(3.14) 



where 



dxd^n 



^dx^d^^U dx2d^-,n dxsd^^U^ 
dx^d^^H 9a,2%W dx^d^^^H 



etc. 



with arguments (t, a;(t), ^(t), 6{t), 7r(t)). Remarking that each component of 7Y^^^ [t) is differentiable w.r.t. 
t for fixed (x, tt) and proceeding as in the proof of the first part of Theorem 2.1, we get the unique 
global (in time) solution of (3.12). On the other hand, taking the difference quotient of (2.6)ev and (2.6)od 
w.r.t. the small perturbation of the initial data, making that perturbation tends to and remarking that 
each component of H^'^\t) is continuous w.r.t. {x,^,e,TT), we may prove that the solution of (2.6)ev 
and (2.6)od is in fact differentiable w.r.t. {x,^,6,n) and satisfies (3.12). (This process is well-known for 
proving the continuity of the solution of ODE w.r.t. the initial data.) 

Furthermore, for each positive integer A; > 1 and £>2, putting 



J^''\t) 



/x\ 



dldldldl 



\ 



vJ 



|a+6|=fe 



and n^^\t) 



\a+b\=l 



(3.15) 



respectively, we have the following differential equation for A; > 2: 
d 



dt 



k 

where iiW(t) = ^ ^ Cp,feW<f+i>(t) J<^i>(t) ® • • • J<'=''>(i). 

p=2 k=ki+---kp 



(3.16) 



Here, Cp^k are suitable constants. It is inductively proved that the each component oiR'^^^t) is continuous 
w.r.t. [x, ^,^,7r) and differentiable w.r.t. t. As above, this equation has the unique solution and therefore 
the solution of (2.6)ev and (2.6)od is in fact A;-times differentiable w.r.t. {x,£^,6_,t£}. 
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Therefore, we get the s-smoothness of the solution of (2.6)ev and (2.6)od w.r.t. {t,t;x,^,6,Ti); 



x{t) = 


|a| + |6|=0,2,4 


where 


Xab{t) 


= d'ld'^d'^^dlx{t,t;x,i,Q,Q) 


m = 


|a[ + |6|=0,2,4 


where 


U{t) -- 




e{t) = 


tal + |61 = l,3 


where 


Oab{t) = 






|a| + |6|=l,3 


where 


T^ab{t) = 





(3.17) 



(3.19) 



with a = (ai,a2), b = (61,62) G {0, 1}^. 

Estimates: We remark, by the structure of H{t,x,^,9,Tr), the following: 

d,,d^^n = o, %a^,w = o, (3.18) 

3 

k=l 

= sdxidxjAo — e E (linear combination of S^j^a;,^*)^'''''^, 

|a| + |6|=2 

de,d^,n = e^=e ^ const.r7^^ (3.20) 

|a| + |fa|=l 

d^^d^^n = e-^ = e E const,6'V, (3.21) 

'^'^ |a| + |6| = l 

c^efcC^sj'H = -£ V] a — X/ (linear combination of 9a;^.A*)6'''7r'', (3.22) 
^=1 '^^'^ "^""^ |a|+|6|=l 

3 

dni^dx = —ey^ — — = e > (linear combination of dx At,)6'^-K^ , (3.23) 

3 Ij^, Dj;. 3 ' 

i=l " ^ \a\ + \b\ = l 

^^Ti-iW = -i?l~^(c^3 - eA:i)5ki = -ih~^cr]s6ki = -d^^de^H, (3.24) 

d„,d„,n = -h-\c{^i - i^2) - s{Ai - iA2)) = -h-^cirji - im) = -d^A.n, (3.25) 

de.de^n = -c(a + i6) + e(^i + ^^2) = -c{m + im) = -de^de^H (3.26) 

for any i,j = 1, 2, 3 and k,l = 1, 2. 

On the other hand, by (3.17), we must estimate, for any a, /3, 

TTBS^^f 6»|4x,-, 7rB5|af for \a + b\= 0, 2, 4, (3.27) 

and 

TrBdpldld%, TTBdp^dldtTTk for |a + 6| = l,3. (3.28) 

Since it is obvious that body parts of other terms are 0. 

The case \a + b\ = 0: From (2.12), we have ttbXj = 7rBC(7j{6,7r) = 0, which implies 7rB(a;j —Xj) = 0. 
By (2.12), we have, for |a + /3| > 1, 



l/3-/3'|>l 
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with argument of 'Hxkiji etc, being {x{f),^{t),6{t),'K{t)). On the other hand, as Hx^ij = = Wj^-jj and 
body parts of d^d'^ei{t) = = d^df-Keit), we have, 

^ d^d^Xj [t, t ; , , 0, 0) = and therefore 7rB5|5f (x^- - Xj) = 0. 
Analogously, as we get 

we have 

^o||||a| + l,oo- 

Those give (2)-(i) of Theorem 2.1. 

The case |a + 6| = 1: For notational simplicity, we denote by 

d^9 = -dT/H.,, = -d^x-Hxn-d^^-H^w-dT^0-Hen-d^^ etc (3.29) 

which is the abbreviation of 

From above, we have, 

^jl'^'\t) = n^°\'Ht)Jl'^'\t) with j<°i^>(o) = / (3.30) 

at 



where 



More explicitly, a part of (3.30) with the argument (i, t ; a;'°' , 0, 0) abbreviated, is rewritten as 



A. ( = ( -^^^ ^'^3 -ch 2(r?i - im)\ ( (3 
dt\de.TT2j U(r?i+i7?2) ich~^r]3 / 



'/i 0^ 

Applying ( ^ ) to both sides of (3.31) and taking the body parts, we have 



j^Zl,Jt)=Xlit)Zl,Jt) (3.32) 



whei 



We prepare the following simple lemma: 

Lemma 3.3. Let H be a Hilhert space over C with scalar product and norm denoted by (•, •) and || • ||, 
respectively. Let A{t) e C([0,T] : M{H)) with U{A{t)v,v) = for any v G H. If u{t) e C'^{[0,T\ : H) 
satisfy 

u{t)= A{t)u{t) + F{t), 

then, we have 

\\u{t)f =\\u{<S)f + 2 f ds^{F{s),u{s)). 
Jo 

Moreover, we get 

lk(t)f <e*|KO)f + e* f'dse-^\\F{s)f. 
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Now, applying this lemma to (3.32) with H = C'^, A{t) = X^(t), u{t) = Z^ g {t) and F{t) = 0, we 



have 



dTT2 , 



= r?5-i_k for A; = 1,2. 



Analogously, as 



dt 



we have 



1,0,0) 

zl^^it) = m)zi^,(t) with zl^p) = (^^^{^^ 1,0,0), 

0,0)"^ 



By the same fashion, we have 



due 



?.|^(i,t;^i°U'°i,o,o)% |jl(t,t;^[oi,^[oi,o,o) 



/iF^(i,i;^i°U[°i,o,o) 



+ 



|^(t,i;xi°UM,o,o) 



62e for £=1,2. 



/i 62k for A; = 1, 2, 



(5w for £=1,2. 



(3.33) 



(3.34) 



(3.35) 



(3.36) 



This gives the proof of (ii) with |a + 6| = 1, k = \a + (3\ = (here, we abbused the subscript k). 
We put 

(^a Qb ^\ 
^y^Ig?^ |a + &l = l and |a + /3|=fc, 

and W<^l^>(0=f"Sfc "Sfr^V^,-'°'W,e'°l(*),0,0) with \a + P\=t 



Then, we have 



where 



j^jl''^^\t) = H<°^^\t)jl''^^\t)+J'[''\t) with jf|i>(0) = 0. 



^W(t) = ^W<^|2)(t)J,<*=-^|i>(i) = W<*=|2>(i) J<°l^>(i) + . 



(3.37) 



(3.38) 



For example, when A; = 1, we have 

dxT^Ov = dxX ■ Hxe-K + dx£, ■ Ti^On + **, d^H-^v = d^x ■ Hxtt-k + dx^ ■ 'H^mr + ** 
where terms ** represent whose body parts vanish. Therefore, a part of (3.37) is rewritten as 

'— J— fc '—J—k 

where 

dx .de, 9i 



(t) = nml^A^ it) + Yl^^ ml,^ it) 



Using above estimate, we have 



^ ^^^^M(t,i;£[°i,?[°i,o,o) 

$2 Ox. /t7r2 02 / 



1 

h 



(3.39) 



\n,xit)zi, it)\<c^^\ 

where cj^^ depending on |||A|||i_3c. = sup^-^^ 2,3 IMj llli.oo, imo|||2,oo (dependence on £, c, h, T won't be 
clearly mentioned hereafter). By Lemma 3.4, we get 

\Zix_^eSt)\<C^i^^^>^\t-t'''- 
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Calculating analogously, we get 

\J'i'\t)\ < C[^^ and \jl^^'Ht)\<c[^^\t-t\^^^ for \t-t\<l. 

By induction w.r.t. fc, because of the first term of the rightest hand of (3.38) having the bounded 
body part, there exists constant C{ s.t. 

|jrf < ^ for |i-i|<l. (3.40) 

Therefore, using Lemma 3.4, we have, 

\J^''^'\t)\<c['''>\t-t\^/^ for \t-t\<l,k>l. 

In the above, constants c[''^ and c[''^ are independent of {t,S,,9) (this saying will be abbreviated if it is 
no need to stress this). 

We proved (ii) with |a + 6| = 1. 

The case |a + 6| = 2: As before, using Hx^ = = Wj^, we get 

dei = deO ■ Hee, + dej^ ■ H^^, d-^x = d^J) ■ He^ + SttTt • W,r£ • (3-41) 

Moreover, 

dp = dp ■ + dg_e{de_n0^) + op ■ n^^ + dej:{dgn^^), 

dp = dp ■ He^ + d^e{d^ne{) + op ■ + OMd^'^^^), dep^x = ■■■ , 
with diHee, = dgO ■ Hge^ + dgn ■ H-„-e^, deH^i^ = de_9 ■ He^i + dgn ■ H-^^^, etc. (3-42) 

As we have 

dp ■ He^ = dp ■ = 0, 

\^Yid0_e{d0H0{)\<C^^\ etc., 
using estimates already obtained, we get 

\-KBdp\, \'K-ad-;rdix\ <cf^\t-t\. 

Analogously, 

dei = -dex ■ Uxx - de_9 ■ Hex - den ■ H-j^x, dj4 = -d^x ■ Uxx - dj) ■ Hex - d^^ ■ U^, 
and 

dp = -dp ■ Uxx - di6{dgnex) - denidgHe^x) - dp ■ Uxx - dp ■ Hex - dp ■ H^x, 
ded^i = ■ ■ ■ , dp = -- - , etc. (3.44) 
which implies 



(3.43) 



For k > 1, putting 



d'^d^ d^'d^ x^ 

^J'"^ W = I thLL 1 ^ ' ' ' °' °) |a + 6| = 2 and |a + /3| = fc. 



we have 

j^''^'^\t) = Ti^\t) with \Ti^\t)\ < - ^iien \t-t\< 1, 

which yields 

|Jo<'=|2>(t)| <C7f)|i-i|3/2 when |i - i| < 1. 
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The case \a + b\= 3: 

(d" d"' d'' 9\ 
glglgaQfUt,t-,d°\ f\0,0) with |a + 6| = 3 and \a + P\ = k 

satisfies 

= (3.45) 

with 

For example, when A; = 0, we have 

and 

= -dlxideHx.) + dep^xid^Hx.) - dUiden^^) + depMd^U^^) 

- deplp ■ He-rr - dJ){d0_dj/HeTr) - depln ■ - dj/!T{d0_d^njrTr) + {**}, etc, 
where {**} has no body part, because 

{**} = -deplx ■ HxTT - dyr_x{d0_dj/Hx7T) - dgpl^ ■ H^.^ - dyr_S,{depy/H!in) 

- dlpidiHe^) - de_d^e{d/H0Tr) - dln{d0n„jr) - depj^TridT/H^jr)- 
Then, the body part of a part of ^3°^ {t) is estimated by 

iTTBdlxdeHxnl < C\t - t\, and therefore, \J^^°\t)\ < C\t - t\. 
Using Lemma 3.4 and the inequality above, we have 

\j^"^'\t)\<ci'^\t-tf/\ 

Moreover, when fc > 1, we have 

\J't\t)\ < C\t-tf^^ and < Ci''^\t-tf. 

The case \a + b\= 4: Let k = 0. Prom (3.41), we have 

dp = die ■ + d^eid^Hei) + oItt ■ n^^ + a^7r(a^w^j), 

with QjrWej = Ot^O ■ Hee^ + d-^w ■ W^-ej, S^WttJ = 0,^0 ■ Ho-kI, + dvj^ ■ W^-ttJ- 
Remarking that doHee^ = ^eWewj = deH-nvi = 0, we have 

deplx = deple ■ He^ - dleideUe^) + dep^Oid^He^) + d^eided^He^) 

+ deplTT ■ Hn^ - dlTr{diHni) + did^nidnH-^^) + dT^widednHni), 
with depj/He^ = dgpj) ■ Hee^ + dgp^i: ■ TY^ej, depj/H^^ = depj) ■ Tig^j + dep^n ■ 7i^^{. 
Finally, we have 

+ dldle ■ He^ + dle{dfHed + af^TT • n^^ + dlT^idln^^) 

with dld^Me^ = dip J) ■ Hee^ + dgd^^n ■ H-^e^ + **, dgd^/Hni = dldj) ■ HeTv^ + dgd^^n ■ H-^^^ + ** . 
Therefore, we get 

[body part of the right hand side above] < cf^ \t - tf^^ and \TrBdldlx\ < cf ^ \t - tl^^"^. 
By the same talk, we get 
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Proceeding as before, we get 

\'KBdld^dldlx\ , \'KBdldfdldli\ < ^ |i -tf for k = \a + p\> 1. 
Therefore, Theorem 2.1 has been proved. □ 

3.1.3. Inverse map: Proof of Theorem 2.2. Supersmoothness of (2.17) is already proved. 

Existence of the inverse map. For notational simplicity, we put 

Xi{x,0) = Xi{t,t;x,^,e,n), @e{x,9) = Oe{t,t;x,^,e,n), 

Yj{x,6) = yj{t,t;x,^,9,n), 0.m{x,9) = uim{t,t;x,^,e,T£), 
and we consider {t,t;^,7i) as parameters which will not be represented explicitly. 

For any fixed {t,t;^,7i) and any given {x,6), we want to find {x,6) such that 

Xi = Xi{x,e), ee = @e{x,e)- 

Denoting this {x,ff) as {Y{x,9),^{x,9)), then we should have 

Xi = Y, {X (x , &)Mx,e_)), Oe = ne {X {x, &) ,e{x,e)). 

By the supersmoothness proved in (1) of Theorem 2.1, we have 

Xi{x,e) = Xifiix) + Xi,i{x)0i + Xi,2{x)e2 + Xi,3{x)6iS.2 = 9lXi{x, o)r 

|a|<2 

Qk{x,9) = ek,o{x) + QkAx)0i + QkAx)02 + &kAx)M2 = ^ 5|e,(x,o)^ 

|a|<2 

We assume (and prove by construction) that we may put also 

Yj{x, 6) = Yj,o{x) + Yj,i{x)Oi + Yj,2ix)02 + YjAx)^^ = J2 ^^^^ 

\b\<2 

ni{x,0) = niAx) + ne^xWi + ^i,2(.^)02 + ^^^,3(^)^1 ^2 = X! ds^j{x,Q)e^. 

\b\<2 

Denoting 

X = (Xi,X2,X3), Xb — (-'^l.B, -'^2,B, -^3,b) 
with Xi Xj_B + ^j,S = -'^i,0,B(2B) + Xi^o,s{x) = Xi{x, 0) G ?lev, 

e = (61,62) with ee = QeAx) = Qe{x,0)&^od, 

we have 

Yj{x, 6) = YjAx) + YjAx)@i + Yj,2{x)e2 + F,-,3(x)eie2, 

with YjAX), YjAX) e fRev, YjAX), YjAX) e fHod, 
ne{x, 6) = o^,o(x) + o^,i(x)ei + o^,2(x)e2 + o^,3(x)eie2, 

with ne^X), ^leAX) e Olod, ^eAX), ne^X) e 9lev 

Claim I: From the first equation of (3.46), we construct ,^(Xb) for each degree. 
(I-O) Restricting {x,6) to {x,0) in (3.46), we have 

X, = Y,Ax) + r.,i(^)0i + ^i,2(x)e2 + r,,3(x)eie2. 

Or more precisely, putting Yj~'^\x) = 0, we have 

yP^](x) =^f^i -|^Fp^-'«-^i(l)ef'+^i -^y5^-''-^i(x)eP«+^i 

g=0 9=0 

-^FpP-'«l(X)|^ef'^+^leP«-''--^l for p = 0,l,2,.. 
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(I-l) Differentiating (3.46) w.r.t. 6i or 62 and restricting as above, we have for each i = 1,2,3, 

ei,ife) Q2Ax)\ (yi,i{x)\ ^ (-Xj,i{x)d^.Yi{x,e) 

01,2(X) e2,2ix)J \ Yi,2{X)J \-XjAx)ds,Yi{X,e) 

Or, we have 

(1-2) Differentiating (3.46) w.r.t. 61 and '^^ have 

-[ei,i(^)e2,2(^) - e2,i{x)Qi,2{x)]Yi,s{X) =Xj,s{x)dg^Yi{X,@) - Xj,^{x)Xk,2{x)dl^^.Yi{X,Q) 

+ [-Xj,,{x)ei,2{x) + ei,i{x)Xj,2{x)]ds,Yi,,{x) 

+ [-Xj,i{x)e2,2{x) + e2,l{^)Xj,2{x)]d^,Yi,2{X). 

Therefore, we have 

-t&tr'"\-)eS{x) - egr"'fe)egi(x)]r[r-^i(^) 

g=0 r=0 

q=0 9=0 r=0 

q=0 r=0 

+ EE[-^]r'''^''(^)©g2k^) + eg^(.)x]r^^+^i(x) 

q=0 r=0 

(1) For any fixed Xb, we consider the map 

^ -F(^b) = + - -'^b(^b)> 

which satisfies 

Fixj,) - F{x:b) = (xb - x'b) j^dr^I- ^(^^b + (1 " r)x[B) ^ 
As dx.Xifi{x) — 5ij = 0, F{xq) is the contraction map, therefore, there exists a unique x^ such that 

Xb = -'^b(^b)- 

We denote this as x^ = lB(a;B), that is, Y^^\Xb), and therefore, Y^^\X) is defined, which satisfies (3.47) 
with p = 0. 

(2) Prom (3.48) with p = 1, we have, for each z = 1, 2, 3, 

As dsY}°\x, 9) = ds^Y}°fl{XB), the right-hand side above is given by the step (1) above. On the other 
hand, when \t — t\ < S, t,tG [— T,T], for any (^,7r), we have 

Solving (3.50), we get the degree 1 part of Yj^J (Xb), that is, y}^J (X) for i = 1, 2, 3, * = 0, 1, 2, 3. 

(3) Putting p = in (3.49), wo have 

-[©afe)ei°k^) - e[°i (^)e[°i (x)]F[°i(^) = x^l{x)d,YjS{x). 

Therefore, we get Y^{X). 
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Returning back to (1) with p = 1 in (3.47) and then (2) with p = 2 in (3.48) and lastly (3) with 
}3 = 2 in (3.49). This process determines F.|o^(X), y}^^{X), y}^^{X) amdYff^iX). Proceeding recursively, 
we determine yi,*(X). 

Claim II: Analogously as above, we determine f2^,,(X) as follows. 
(II-O) Restricting {x,d) to (^,0) in the second equation of (3.46), we have 

= o^,o(x) + o^,i(x)ei + fie,2{x)e2 + o^,3(x)eie2. 

In other word, we have 

Qg+ii(x) = - ^ogi(x)eP''-'''+^i - f^f2gi(x)e|p-'«+^i 

q=0 q=0 
q=0 r=0 

(II-l) Differentiating (3.46) w.r.t. 6i, we have, 

ei,i(£) e2.i(x)\ fni^iix)\ ^fi- x,^iix)ds^niix) 
ei,2(x) &2,2{^)J \^iAx)J V -Xj,2{x)ds,ni{x) 



(3.51) 



that is, 



E 



Analogously, differentiating (3.46) w.r.t. 62, 

^ i^ei^f (.) egi(.)j Kr^^k^); " vi'^^i -E^=o^jr^k^)%^^r-^^+^k^); ■ (3.53) 

(II-2) DifFcrcntiating (3.46) w.r.t. 9-^ and have, for £ = 1,2, 

=x,4x)dMx, e) - x,,i(a;)x,- 2(£)a|^.2^ri^(x, e) 

+ ei,3(x)i7,,i(x) + e2,3(x)fi,,2(x) + [-x,,i(3i)ei,2(x) + ei,i(x)x,,2(£)]f^£4 W 
+ [-^»,ife)02,2(x) + e2.l{sL)x^A2^)PeAx) + [ei,i(x)e2,2(^) - e2A^)^iAx)]^eAx). 

Rewriting above, we have, for each p = 0, 1, 2, • • • , 

- tt[etr''\^)Qt^i^) - el^r''''(^)ei:^ (^)]og-<'+^i(^) 

9=0 r=0 

= j:x^^\x)d,Me'-''^'\x,e) 

9=0 

-EE ^fr^' (x)a|,,Qf -^"+^1 {X, 6) 

9=0 r=0 

+ E "'"^'^ (^) + E ©?f (^)<2""'+'' (^) ^^•^'^^ 

g=0 g=0 

+ E E t-^fr'' (^)0^^r"= (x) + efr'^^ {x)xi^r' i^)]^f,r'^'' ix) 

q=0 r=0 
q=0 r=0 



By the same procedure which we employed to determine Yi^^{X), we may define n^,*(X). 
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Therefore, there exist a constant 6 > and functions y{t,t;x,^,6,T£), u}{t,t;x,^,0,n) such that for 
\t-t\<S 

X = y{t, t ; x{t, t;x,^, 6, tt), ^, 6{t, t\x,i, 6, tt), tt), 
^ = a;(t, i ; t ; ^, ^, £ tt), ^, 6l(i, t ; X, ^, ^, tt), tt), 

and therefore 

X = x{t,t;y{tA;x,£,, 0,Tr_), C,^(t,t; x, ^, 0,1L),2L), 
= O{t,t;y{t,t]X,^,0,]l),^,u(t,t;x,^,e,TL),]T). 



(3.55) 



(3.56) 



Estimates of the inverse mapping: When |a + 6| =0, differentiating once the first equation of 
(3.56) w.r.t. X or ^, we get 

_ dxj dye dxj dojm dxj 
Ojk = ~ ' 



+ 



dxk dxk dx( dxk dO^ ' 



Taking the body part and remarking (2.12), we get 



\-KBdi{y{t,t;x,^,e,]i)-x)\=Q if \t-t\<5. 



Here, we used the fact 



dxj 

dxj. 



dxj, dx^ 



6ji if \t-t\< 6, 



which foUows from (2.12). Analogously, we have 

\TrBd^{y{t,t;x,^,e,7L)-x)\=0 if \t-t\<S. 
By the same procedure, we have 

\'KBd^d^{y{t,t;x,^,e,TL)-x)\=0 if k=\a + P\>2 and \t-t\<S. 

The case when |a + 6| = 1, we have 

_ dde _ dyj d9e duk dOt 

^"^ ~ dOm ~ dOm dx, ^ dOm 96, ' 







d9i dyj dOg duuk dOg dOg 



Taking the body part and using (2.13), we get 



Since 



TTB- 



'dOk 



dOg ^ 

del = ^''^ 



TTB 



if we take |t — t| <5< [AC'^^) ^, then we have, as operators 

|X| = |y-^|<2 if \t-t\<5. 
Therefore, using {X — I)Y = I — Y, we have, as operators 

\x-i\<\i- Y\ |y-i| < 2C\t - 

that is, 

\TTBdg{cok it, t;x,^,e,n)-0k)\< Ci°^ \t - t\ 
From the second equality of (3.58) combined with (2.13), 

\nBd^{u;k{t,t;x,^,e,n)-ek)\ < cflt-il^/^ 



(3.57) 



(3.58) 



(3.59) 
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Analogously, we get, when |a + 6| = 1, 

|7rB5^5|a|4((^fc(t,*;x,^,^,7r)-^,)| <(7f)|t-i|(i/2)(i^ A; = |a + /3|, \t-t\<S. 

Proceeding analogously as we did in proving Theorem 2.1, we have the desired results for |a + 6| > 2, 
which are abbreviated here. The second inequality in (2.19) is given in the next subsection. □ 

Analogously, we have 



Proposition 3.4. (i) For any fixed {t,t;x,0), \t — t\ < 5, the mapping 

9 ii,IL) ^ = ^{t,t;x,^,e,n),7T = 7T{t,t;x,^,e,n)) G fH^I^ 
is supersmooth. The inverse mapping defined by 

9 (^", 7f ) ^ (j? = 7?(i, t;x,^,0,7t),p = pit, t ; x, 1 9,7t))e ^i^^^ 
is supersmooth in (x, ^, 9, n) for fixed {t, t) . 
(a) Let \a + b\ = 0. We have 

( \7TBdpl{r]{t,t;x,^,e,7r) - 01 = 0, 

I W'Kt,t;x^°\e'^) - < C,\t - t\{l + + \^%. 

(Hi) Let \a + b\ — 1. For k = \a + I3\, there exists a constant C^'' such that 
|7rBa|a|a|4(p(t,i;^,C",^,7r) -7r)| < cf ^ |t - 

(iv) Let \a + b\= 2. For k =\a + p\, there exists a constant C^'' such that 

\i^Bdidldidl{ii{t,t-,xr^,e,i,)--o^ 

(v) Let \a + b\ =3. For k = \q. + I3\, there exists a constant C^''^ such that 

\nBdldldldUp{td-,x,U^)-n)\<Ci'^\t-tr^^^^^^ 

(vi) Let \a + b\ = 4. For k = \a + (3\, there exists a constant C^'' such that 

\'KBd-^dld-edl{r,{t,t-,x,le,n)-l)\< 



(3.60) 
(3.61) 



(3.62) 



(3.63) 



(3.64) 



(3.65) 



(3.66) 



(3.67) 



3.1.4. Tim,e reversing. As the Hamilton equation (2.6)ov and (2.6)od may be solved backward in time, we 
denote, for t<t<i, that x{t, t;x,9, ^, 7f), £,{t, t; x, 9, ^, 7f), 9(t, t;x,9, ^, 7f), 7r(t, t; x, 9, ^, 7f) are solutions 
at time t of (2.6)ov and (2.6)od with the initial time t = t and the initial data {x,9,^,Tt). 

Proceeding as in previous sections, we have the following: 

' X = x{t, t;x,0, ^, 7f), X = x{t, t;x,9, ^, tt), 
9 ^ 9{t,i;x, 9,^, Tf), 9 = 9{t,t;x,9,^,Tf), 
^ = at, i; X, 9, 1 Tf), ^t, t- X, 9, 7f), 
. TT = 7r(i, t;x,9,^,Tr), w = Tr{i, i;x,9, ^, 7f) 
For the inverse mappings, we have, if |t — t| < S, 

' X = y(t,i;x,^,9,TT), x = y{i,t;x,£,,9,TT), 
9 = uj{t, t; X, ti,T^), S_ = oj{t,i; x, i, 9, n), 
i = 'n{t,t:x,(,,9,Ti), ^ = r]{i,i;x, f , 9, 7f ), 
. Tf = p{t,i;x,^,0,n), ]L = p{i,i;x,^,9,Tr). 



(3.68) 
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Therefore, we get for \t — t\ < S, 

i^it, t;x,i, e, 7f) = e{t, t ; X, r]{t, t;x,i, 9, Tt),6, p{t, t;x,i, 6, tt)), 
v{t,t;x,^,9,Tr_) = ^{i,t;y{i,t;x,^,9,TL),§_,u{t,t;x,^,e,n),n), 
. P{t,i;x,^,9,]l) = n{i,t;y{t,t;x, ^,6, n),^,u}{t,t;x,^,0, ]£),]£). 

Proof of Theorem 2.2 continued. The second inequahty in (2.19) is proved using 

y(i,t;x,^,0,0) - X = / dr £, ■ d^y{i,t;x,ri,Q,Q) 
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(3.69) 



+ / drS-ai(y(i,i;ra,0,0,0)-S) + 2/(i,t;0,0,0,0). 
Jo 

In fact, from above and the first inequality in (2.19), we have 

|yM(f- i;x[°U[°l) - < t|(|sM| + |e[°J|) + 

Replacing (f,t) in the first equaUty of (3.69) by {t,t) and using (2.14), we have 
|2/M(i,t;0,0)| = |x(i,t;0,r7f"l(i,i;0,0), 0,0)1 < C\i-t\, 
since ry[°l {t, f ; 0, 0) is continuous in t, i. Combining these, we get the desired inequality. □ 

3.2. Action integral. We prepare the following lemma in a slightly general situation: 

Lemma 3.5. Let {x{x,6),6{x,0),u{x,0),^{x,0),'it{x,$)) be supersmooth functions of {x,ff) e sat- 
isfying 

^=2^7h;rUx,d) + 2^jrrT^b{x,9) for j = l,2,...,m. 



Oxa 5a;,- 

—J o=l ~J 



-« a=l -* 6=1 



Assuming that 



' dXg dXg 

sdet I g^] (^B>0) ^0 and S = a;(^,0, ^ = 9{x,9), 

dx, 80, 



we have: 

(i) There exist inverse functions y{x,9), uj{x,9) such that 



x{y{x, 9), w{x, 9)) = X, 9{y{x, 9),uj{x, 9)) = 9. 

(a) Moreover, putting w{x, 9) = u{y{x, 9), co{x, 9)), we have, for j = 1,2, - ■ ■ ,m and i = 1,2, - ■ ■ ,n, 

^ = ^j{y{x,9),iv{x,9)), ^ = ne{y{x,9),ioix,9)). (3.70) 



Proof. By the inverse function theorem, we get (i). From this, wc have 

_ dxg _ dyj dxa ^ dun dxa ^ _ dxa _ dyj dxa , doje dxa 

Oak — 



dxk dxk dxj dxk d9j 
d9b _ dyj_d9b_ ^ due ddb 
dxk dxk dXj dxk 89^ ' 



d9m d9m dXj ^ d9m die ' 
ddb _ dyj d9b _^ dujj d0b 
d9m d9m dXj d9m 99^ 
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Using these, we get readily that 

dw djjj du diu'i du 
dxk dxk dxj dxk dO^ 



\dxk dx, dxkdOjJ " — '- \dxkdx, dxk dOjJ ~'~ 



x=y(x,e), 



= ^k{y{x,9),u;{x,e)). 
Analogously, we get the second equaUty in (ii). □ 

Proof of Theorem 2.3. For fixed (^,7r), we put 

S{i, t;x,^, 0, tt) = {x\0 + {0\n) + So {t, t;x,^, 0, tt) . 

Then, we have, using integration by parts w.r.t. s in (2.25), 



x=y{x,9), 

e=u{x,e) 



dS 

dXj 



ds 



dXk. , . d^k , d0m , A dl^rn 
T. + Xk^ 1- TI'm + 

ox_j oxj oxj oxj 



-( 



dxk dH ^ d£,k dH ^ 80^ dU ^ dnm OH 
dXj dxk dXj d^k dXj d0m dxj d-Wm 

* dxk 



-J dx^ 



dx^ 



4 + mil 

OXj OXj 



Analogously, we get 



dS _ dx^ d6„i 



As we have already proved that if \t — t\ < S, we have 

ttb sdet 



ax{t) dx{t) 

dx dl 

09(f) de'ji) 
dx dl 



we may apply the above lemma. Therefore, putting 

S{t,t;x,^,e,T£) = S{i,t;y{i,t;x,^,0,n),^,u{i,t;x,^,0,TT),TL), 

we have, by (3.70), 

dS 

^j{t,t-,y{tAlx,^,0,Tr),^,uj{t,t-,x,^,0,TL),n), 



dxj 
dS_ 
We 



'^i{t,t;y{t,t;x,^,0,T£),^,u}{t,t;x,^,0,TT),TL), 



and 



On the other hand, 



dS dS dyj dS dcog dS 



dt 80^' 



^-s{i,t;x,^,e,w) = {xmit)) + imAt)) - n{i,x{t},0{i),m,At))- 

Combining these with simple calculations, we get the desired Hamilton-Jacobi equation. 

Moreover, using (3.71) and (3.69), we have 

dxjS{t_,t;x,^,9_,]l) = V3{Lt;x,^,0,lL), dg^S{t,t;x,^,0_,'K) = peitJ ;x,^,0,_n), 
di_^S{t,t;x,^,0,w) = ykit,t;x,^,0,]i), dT^S{t,t;x,^,0,w) = u)m{t,t;x,^,0,w). 

From here on, we change the notation: 

{t,t;x,^,e,]T) {t,s;x,^,0,'iT). 



(3.71) 



□ 



(3.72) 
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Then, putting 

from the Hamilton-Jacobi equation and S{s, s ; a;, ^, 0, tt) = {x\^) + {0\'k), we get 

Lemma 3.6. Using the decomposition (2.28), we get 

Sm,t + n = Q with Siso{s,s;x,^) = {x\C), (3.73) 

Sio,t + Wttstti^jo + (W^iffi + W^^eJ^io + ^0201 = with Siq{s, s;x,^)=Q, (3.74) 

i^cidi,* + (HTTiei + ^loH^avrJ^cidi = with Scidi{s,s;x,(,) = 1, (3.75) 

'5c2d2,t + (W7r2e2 + '5ioW7r27ri)'5c2d2 = with Sc2d2{s,s;x,S) =1, (3.76) 

'5cid2,t + C'^Triei +5io7Y7r27ri)5cid2 = with 5cid2 (•«,«; a;, = 0, (3.77) 

<5c2di,t + (^TTsSs +'5io^7r27ri)5c2di = mi/i 5c2di(s,s;a;,^) = 0. (3.78) 

Proof. (3.73) is obtained by restricting (H-J) to ^ = tt = 0. Integrating (H-J) w.r.t. d6\d62, we get 
(3.74). In fact, as we have 

d^Sx i9'5e2 
de^de.H = q^^q^'Hsj - 'qq^^^^'^^o +^^2^01 + -^de^Hn^, 

where 

5^2 W^,- = W02O + -gg^'^^iii' 

remarking Wj^. = 0, H^-^^ = 0, and restricting de^de^H to 6 = w = 0, we get the desired equahty. Other 
equaUties are obtained in the same manner. □ 

Since H = eAo{t, x), we get readily 

Sooit, s;x,^) = {x\0 - £ [ drAoir, x). (3.79) 

J s 

Putting 

Wo{t,S;X,S,) = H7ri6»i +iSioH7r27ri =1^-^202 + '5lo'^7r27ri , (3.80) 

with 

Wtti^i = -ih~^{c(,3 - £^3 - C£ / c/rc^ccgAo) = H-n^e^ 

J s 

'H7r27ri = /i~^[cCi - e^i - c£ / drd^^Ao - i{c^2 - sA-i - ce drdx^Ao)], 

J s Js 

we get 

Lemma 3.7. For \t — s\< 6, 

{t, s;x,0 = e- Is = 5^2.2 (i, s;x,0, (3.81) 

<5cid2 (*. s ; a;, = <5c2di (*, s ; a;, = 0. (3.82) 

Remarking (3.82), we have 
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Lemma 3.8. 

^oi,t + '5cidi«5c2d2^7r27ri = with Soi{s, s;x,^) = 0, (3.83) 
<5ii,t + 2wo«Sji + = with Sii{s,s;x,^) = 0, (3.84) 

where we put 

Wl{t, S ; X,S^) = {SiqSqI x. — ScidiSc2d2,Xj)'H^-Tr-i^9i + {SwSQl ^j — Scidi,XjSc2d2)'^^jir202 

+ [('^lO + '^Cldl'5c2(i2)'501,Xj ~ SlQ(ScidlSc2d2)xj\i^ij 7^21X1 + '^fj 1 ^291 

= chr'^ [«5oi,xi - ^'5oi,x2 + 2<Sio / c^t(wo,xi - iwo,x2)\ e~^-^» '"'''^^ 

J s 

+ c(iSoi,xi + *'5oi,X2)- 

Proof. To get (3.83), we used (3.82). Remarking 

and (3.81), we have (3.84). □ 

Therefore, we get the representation 

«5oi(i,s;a;,^) = - / rfr7i:^27ri(r-,s;a;,0e~^-^- 
Sii{t,s;x,S,) = - drwi{r,s;x,(,)e J» ^^-i) . 

^ s 

Combining estimates in Theorems 2.1, 2.2 and (3.72), we get 

Lemma 3.9. For any a, f3, there exist constants Cap > such that 

la^af (5oo(t, s-xX)~ {xm < Ca0{l + kl)('-l"l)+^o|/3||i - s\ 
\d^d^^Sio{t,s;x,0\<Cap\t-s\, 
\d^dl{S,^dAt.s;x,0-l)\<Cap\t-s\ for j = l,2, (3.86) 
\d^d^^Soi{t,s;x,O\<Ca0\t~s\, 
\d^d^Sri{t,s;x,O\<Ca0\t-s\. 

Proof. As SiQ{t,s;x,^) = S02ei{t,s;x,^,O,O) = d02Pi{—t,s;x,^,O,O), we have the desired one 
from Proposition 3.4 and (3.72). Other terms are calculated similarly. □ 

3.3. Continuity equation. Defining V as in (2.30), we get Theorem 2.4 as in [13]. 
Using the notation introduced in Theorem 2.3, we may decompose 

V{t,s;x,^,e,n)= Yl 'D^{t,s;x,Oe''n'^ = VB{t,s;x,0+'Ds{t,s;x,^,e,n), 

|c| + |<i|=ewen>0 (3.87) 

where 

Vs{t,s;x,^,0,w)=Vio0i92+ ^ I?cd(t, s ; a:, + 2^om7r2 + Pn^i^27ri7r2. 

|c|+|d|=2 (3.88) 



From the continuity equation (2.31), we have 
di 



■^'Doo + Voo 96^1-1^^=0 with Voo{s,s;x,£,) = 1. 
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As 

we have 
and we get 

Doi5(t,s;x,0 = (3.89) 

Instead of V, we should study the properties of a function A = V^l"^: Putting 
A{t, s ; 6', ^, tt) = Acd{t, s ; x, OO^tt'^ 

\c\ + \d\=even>0 
= Aoo + A106162 + AcidiOlTTl + Ac2d2^2'^2 

+ ^cid2^i7'"2 + Ac2di02'!^i + -4oi7ri7r2 + ^ii6'i027ri7r2, 
we define each coefhcient Acdit, s;x,^) from = I? as 



(3.90) 



Dm 


= with Am{s,s;x,^) = 1, 




Dro 


— 2ylQj3^];o, Vqi = 2^Qo^Qj, 






h = 2^oO-4cidi7 Dc2d2 — 2^00^C2(i2) 


(3.91) 




J2 — 2^Qg^cid2 7 Dc2di = 2^00^C2di) 





^11 — 2^00^11 + 2^]^q^q;^ — 2Acidl-^C2d2 + 2^cid2-4c2dl • 



More precisely, we define ^oo(^! s;q,p) = y^Vmit, s;q,p) such that Aoo{s, s;q,p) = 1 and Acd{t, s;q,p) 
are defined from above, and then they are Grassmann continued to 

Using the continuity equation (2.31), we have the (2.32). 

Remarking also 

we have Hj^. = and d^jTi^- = 0, from which we have 

-4oo,t - woAm = with Amis, s;x,^) = l. (3.92) 
That is, as is desired, we have 

Am{t,s;x,0 = e/>''""'('''^="'«\ (3.93) 

On the other hand, for {• • • } in (2.32), as 

9ei{- ■■} = Ae^xj'H^.j + Axjde^H^^ - Ae^de^H.,,^ + Aeie2'^Tr2 - -46>2^fi'^7r2 

we have 

^6i2^ei{- • • } = •^e2eiXj'H^j - A0iXjde2'H^j + A02Xj9eiH^j + Axjde2dei'H^j 

- -^02 01^01 '^TTl + -^01 ^02^01 '^TTl + -^01 02^02 '^7r2 + >l02 ^02 ^01 ^^2 

+ ^-4020i[^a;,^o + de^n^^] - ^A0,d02[dx^H^^ + de.H^^] 

+ ^Ae2deAdxj'Hij + de^H^^] + ^Ade2de,[dxi'Hij + de^U^^]- 
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Using de^de^lde^He^:] = and 
we have 

+ AloWo{t,S;X,^) + ->loO'5lO,Xj('^7ri0ilj +'^,r26i2«3 + 2<SloW,r27ri{j )• 

Therefore, we get 

■^io,t + wqAio + W2 = with Alois, s ; X, ^) =0, (3.94) 

where 

+ 2'^50'5l0,2;j ('^7ri6li{j + W,r26l2?j + 2»SioW7r27ri{j ) 

Simple but lengthy calculation yields 
Proposition 3.10. 

Acidi,t + Scidi[A^Q,XjW-niei,(,j + <5l(5W7ri7r2,€j) + -4lo'^7r27ri + -4oO'5lO,X3'^7ri7r2,£3] = Oi 

(3.95) 

^C2d2,f + '^C2d2 [^OO.Xj ('^7r2^2,5j + »5i0^7ri7r2,4j) + ^10^T27ri + ^00'^10,Xj^7ri7I-2,Cj] = 0) 

(3.96) 

Aid2,t = o.f^d Ac2di,t = 0, i.e. Ac^d2 = o-f^d -4c2di = 0. (3.97) 

Analogously, we have 
Proposition 3.11. 

-^oi,t ~ wqAqi + W3 = Aolis, s;x,^) = Q, (3.98) 

w/iere 

W3(t, S;X,Cj = {Ac^dlSc2d2 + -4c2d2'5cidi - AQoSll)'Hn2T!l 

+ [<5ciiii<5c2ii2-^00,Xj + -^Oo(<5cidi<5c2<i2)xj ~ -^00<5lO<5oi,Xj]Wij7r27ri • 

Proposition 3.12. 

-^ii,t ~ wo^lii +Wi = Q with All (s, s ; a;, ^) = 0, (3.99) 

where 

Wi{t, S;X,^) = Aol^x.'H^je29i + SlO-^l,Xj C^iiniOi + '^^,^292 + >5lo'^€37r27ri) 

+ SllAoO^Xj{T^$j-^lOl +W|j7r26l2 + 2«SioW^^.7r27ri) + Scidl^C2d2-^W,Xj'^ijTT2TTl 

— ScidiAc2d2,xj {T~iijTTiei + SiqT-L^^ 

(^0^2612 +»5ioW^37r27ri) 

■^2'?Tl^j ) •^lo(^Cidi^C2rf2)a^j'^7r2'?Tl^j 
+ {Ac-i^diSc2d2 + ^C2d2Scidi)SlQ^Xj'^TT2TTlij ^ -^Ci di ^2 ,Xj ("^J, TTi + ^JoHfj 7r2 TTl ) 

— Ac2d2Scidi,Xj {'H^-Tr202 + '5lo'^{jir27ri) 
+ :^(^00'^ll,Xj + ^Ol'^lO.Xj ~ ^lO'^lO.Xj )(^7ri Slfj +^772^26 + 25loH^27riC J 
+ [-4io('^Cldl<5c2d2)xj ~ -4cidl<5c2d2'^10,Xj ~ -^C2d2»5cidl<5l(5,x3]^7r27ri$3 • 
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Therefore, we get the estimates in (2.34). 

4. Quantum part: Composition formulas of FIOs and ^fDOs 



4.1. Super differential operators associated with W(X, S). Given W(X, S), we consider the super 
(pseudo)-differential operator of Weyl type: 

n{X,Dx)u{X) = cl^ jj d'EdYe'''-"^''-''\^)n(^^^^,^^u{Y) (4.1) 
for u e ^sso(^^'^)- Here, wc use the abbreviation 

Cm,n = (27r;i)— /2;in/2gi.n(n-2)/4^ ^ ^ y = {y,Uj), E = (^,7r), Dx = {-ihd,,de). 

Remark. We may give the definite meaning to above expression (4.1) as oscillatory integrals: As the 
right-hand side of (4.1) is not necessarily 'absolutely integrable' with respect to dEdY = d^dndydO, that 
is, after integrating with respect to dndO, the integrated function is not necessarily absolutely integrable 
with respect to dS^dy. Therefore, it is necessary to give the definite meaning to the right hand side 
of (4.1). Let {xe((l,p)}e>o be any bounded sequence of functions in B{M.^) such that for each £ > 0, 
XeiQiP) G iS(M®) and limg^o Xe{q,p) = 1 in £'(M*'). Instead of (4.1), we consider 

{n,u){X) = cl,JJdEdYe^'^-'<''-''\^^Xs{y,m{^^^,^)<Y). (4.2) 
As is easily seen that H^u & (^ssC^^'^) if ^ € (Zgg ^(91^1^), we can write (4.2) as 

{neU){x, 6) = J2{'^eU)a{x)e'', (4.3) 

a 

where [TL^u^aix) = dg{'Heu){x,Q). So, applying the proof of bosonic case to {JhLeu)a as in [26], we get 
Ti.u{X) = s — lim7ieu(X) in a suitable sense. 

Moreover, all integrals which appear hereafter should be considered in the above sense (called, super 
oscillatory integral) if the integrand is not absolutely integrable. Moreover, if the calculas under the 
integral sign is permitted using the above argument combined with Lax' technique (of using integrations 
by parts repeatedly with d^.e^"^^^'^^ = id^.(j){x,^)e'^'^^^'^^), we do it without mentioning it. 

By simple calculation, wc have 

Lemma 4.1. For j = 1, 2, 3 and v{9) =vq + v\6\92, putting 

aj{e,de)v{e)=cl2j dnde' e"'~'^'-''\^^aj{^^,w)v{e'), 

we get 

bajjj = (Tj or aj = 'itTjb, 

aj{e,de)v{0) = C3,2 J dne'^~"^^\^^aj{e,T,)v{'K) for j = 1,2, 

az{e,de)v{e)=cz,2 j dT^e"'~"^^\^\l-az{e,TT))v{TT). 
Lemma 4.2. Let H{t, X.E) be derived from'R{t,q,—ihdq) in (W). Then, we have 

m(^, ^' 7^) = • Co°(IR^ : C^) ^ C°°(R3 : C^) for each t. (4.5) 

We have also 

n{t)u{X) = c^,2 j dSe*''"'<^l=>H°(t,X,H)w(S), (4.6) 

with 

H°{t, X, S) = H{t, X, 5) + c^3 - eAsit, x). (4.7) 
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4.2. Fourier Integral Operators associated with X, S). After reordering {x, ^, 9, n) as {x, 0, ^, tt) 
and denoting them by (a;,^,^, tt), we consider an integral transformation U{t,s) on ^sso(^^'^) where 
S{t, s;x,9, ^, n) and A{t, s;x,6, ^, n) are defined in §2: 

U{t,s)u{x,9) = {U{t,s)u){x,e) =C3,2 j d^d7rA{t,s;x,e,^,'7r)e'''~'^^*'''^''>'^'''^J^u{^,7T) 

or simply, we write it as 

U{t,s)u{X) = {U{t,s)u){X) = C3,2 j rfS^(i,s;X,S)e'^"''5(*'"'^'=)jru(S). (4.8) 

Theorem 4.3. We have U{t,s)u G (Zsg(9l3|2) for u G (2gg 0(9^^12), Moreover, there exists a constant C 
such that 



mt,s)u\\ < 2\1 + C\t-s\)\\u\\ < 2^e^\'-'\\\u\\. 

Proof. Using !Fu{£,,Tr) = Mj(^) + h~^UQ{^)TriTT2, we rewrite (4.8) as 

U{t,s)u{x,e)=C3,2 J d^dTr{AB{t,x,^)+As{t,s;x,e,^,Tr))e"'~'^^^'''-'''^^ 



(4.9) 



[ E ^^7r"'^s(t, s;x,e, ^, nf] {huiiO + h-'uoiOT^.n^) . (4.10) 



Here, we remark by (2.28) that 

'1 

Ss{t,s;x,e,^,Trf = < 



when ^ = 0, 



«Sio^i^2 + J2\c\=\d\=i ^cdO^n'^ + <Soi7ri7r2 + <Sn^i^27ri7r2 when i = 1, 



2[<Sio<Soi - <Scidi<Sc2d2]^i^27ri7r2 




After integrating (4.10) with respect to dn, we have 



when 1 = 2, 
when ^ > 3. 



(4.11) 



U{t, s)u{x,9) = Vb{t,s;x) 

|6|=0,2 



E 



6 La. 



^(27r;i)-3/2 J diBUt, s ; x, ^)e^^-'^-i* 



MO 



(4.12) 



where 



'Bil = h'^Ali + ih{ABSll + AiqSqI + ^loi'^lO + -^Cidi«5c2d2 ~ ■^C2d2^cidi] 

— Ab[SioSqi — <Scidi«Sc2d2]l 

= -^01 + «?i~Mb«Soii 
Bio = -^10 + ih~^ABSio, 

.Boo = -^B- 

In the above, arguments of and 5,, are {t, s ; x, ^). 

By using (3.86) and (2.34), we have that d^d^Bba{t,s;XB,S,B) G C and 

Ud^d^iBbait, s ; XB, Cb) -l)\<C\t-s\ for 6 = a = 1 or 6 = g = 0, 
\\dy^^Bba{t,s;xB,CB)\ <C\t-s\ for 6^ a. 



(4.13) 



(4.14) 



Putting 



{Sba{t,s)Ua){xB) = {27Tfir'/^ J d^B Bba{t, S ; Xb, ^B)e"'~"^'^^''' '''''^^^^ Ua{^B) , (4.15) 
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we have 

VQ{t, s;x)= %uo(0 + ^oi"i(0 

VI {t, s;x)= EiqUq (0 + £iiUi iO (4_ 16) 



By applyinp; Theorem 2.1 of [1] to (4.15), we have 

||%(t,s)wo|| < (l + C|t-s|)|l«o|l, \\£M{t.s)u-,\\<C\t-s\\\u^\ 



\£l^{t, s)u-4 < C\t - s\\\u4, \\Sn{t, s)ui\\ < (1 + C\t - s|)||ui||, ^^"^^^ 



which implies 



\\U{t, s)u\\^ = \\v-of + \\vif < (1 + ^/2C\t - s|)2(||«g||2 + ||«j||2) = (1 + ^c\t - s\f\\uf. 

(4.18) 

Moreover, iVBiEa^bait, s)ua{X)) e C°^{R^), i.e. U{t,s)u e (Z'gs(9=i^|2). □ 
Remark. For w G ^ss($K'^'2)^ ^(^^ ,) 

u is defined as the limit of a Cauchy sequence {U{t, s)uk} in 
,^gg(9^^'^) where Uk G ^sso(^^'^) ^ sequence converging to u in ^gg(*>l^l^). 

Proposition 4.4. ('Jj For each u e.^gg(9l^l^), we /laue 

Yiia U{t,s)u = u in .^sg(9l^l^). (4.19) 



(2) Define U{s, s) — I. For fixed s, the correspondence t U{t, s)u gives a strongly continuous function 
4( 



with values m.j2gg(?l^l^). 



Proof. To prove (4.19), we need to claim 

s — lim Vq = uq and s — lim vi = Uf. 

|f-s|^0 \t-s\^0 

We get the desired results by the standard method applying to (4.16). □ 

Remark. In the above. Theorem 4.3 and Proposition 4.4 are proved after integrating w.r.t. dir 
and applying the standard method for pseudo-differential and Fourier integral operators on the Euclidian 
space R^. But, this suggests us to the neccesity of developping those operator theories on the superspace 

4.3. Composition of FIOs with ^PDOs. As (t, s) is inessential in this subsection, we abbreviate it and 
denote A{X,E) = A{t,s;x,S,,e,Tr), S{X,E) = S{t, s ■,x,^,0,'!t), niX,E) = n{t,X,E) and 



U{A,S)u{X)=C3,2 y rfS^(X,S)e^'^"'^(^'=)u(S), 
nu{X) = cl, j I dEdY e^f^-'^^-^\^^n(^^,E)u{Y). 



(4.20) 



Theorem 4.5. LetU{A,S) andH be given as above. There exists Bl=Bl{X,T) such that 

nU{A,S)=U{BL,S). (4.21) 
Moreover, Bl has the following expansion 

BL = nA- ih[d^^H ■ dx,A + i (d%^^H + d%x^s ■ dl^^n)A] + Ul. (4.22) 

Here, the argument ofTi is {X, dxS) and that of S andTZL is {X, T), and TZl G 0gg{^K^^■^ x fH'^'^) satisfies 

sup \D'^D^ 7^i(XB, Tb)| < Caf3 < 00. (4.23) 
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Proof. By definition, we have 



= C3,2j rfTBi(X,T)e''*~''5(^'^)u(T). 

Here, we put 

Bl{X, T) = 2 J dE dY Q{X, S, Y, r)e't^~'^^^'^'^''^^ 

with 

i,{X, E, Y, T) = {X- Y\E) + S{Y, T) - S{X, T), 

Q{X, S, Y, T) = 5)^(F, T). 

(I) Before giving the full proof, we calculate rather formally which yields (4.22). As 

S{Y, T) - S{X, T) = {Yj - Xj)d^{X, Y-X,r) = {Y- Y-X, T)) 

where 

d^^S{X,Y-X,r)= ( dTdx,S{X + T{Y -X),T), 
Jo 

we introduce a change of variables by 

(Y = Y-X, (Y = Y + X, 

{E = E-d^six,Y -x,T), ^ \s = s + a^(x,y,T). 

As sdet ^ ^l^'g.^ ^ = 1, wc may apply the formula of change of variables under integral sign, see, 
3.8 of [22] or Theorem 1.14 of [10], to (4.25) getting 

Bl{X, T) = cl^ j dEdY e-''^"'<^l^>w(x + |, S + d^S{X, Y, T))^(X + Y, T). 
By Taylor's formula w.r.t. S, we have 

w + 1 , H + a^(x, y , T)) = w + 1 , a^(x, y , T)) 
+ Ejds,n(^x + ^,drs{x,Y,T)) 

+ EjEk dri (1 - n)di^s,n(^X + |, nS + dTSiX, Y, T)) . 

In the above, we abbreviate summation sign and j k because d'^.'H = 9^^H = 0. 
Now, we remark 

cL / dSe-^''-^<^l^> = 5{Y), d, I e-^'*-^<^l^> = 5{E), 

and 

From the first equality of (4.32), we get easily that 

4^ J dYdEe-'^'"<^\^'>n(x + |, d7s{X, Y, T))^(A + Y, T) 

= n{X,dxS{X,T))A{X,T). 
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Using the first equalty of (4.33) and applying the first equalty of (4.32) after integration by parts, we 
have 



■-3,2 



= -ifi'C%2 j dYdE e-*'^"'<'^l^>a^. + ^, d^SiX, Y, rj^A{X + Y, T) 

= -ihdy^ [OeM^ + ^^dTsiX, Y, T))^(X + Y, T) 



(4.35) 



Y=0 



In the last line above, we put 

(*) = (X,T) and {**) = {X,dxS{X,T)), 
respectively. Thus, we get the main terms of (4.22) formally. 

The remainder term is derived from 

7^L(X,T) =cl^j dYdEe-^'^'^^^^^EjEk 

' £ dn{l - n)di^s^'H[x + |, nS + dTsiX, Y, T))]^(X + Y, T). (4-36) 



As Sl^H.HfcH,'^ = 0. we have, for any n G (0, 1), S e 9^ 
Y 



3 2 



5i,H.w(x + ^, riS + dxS{X, Y, T)) =a|^H,w(x + j,dxS{X, Y, T)) 

+ riS,ai^H,H,H(^ + |, a^5(X, Y, T)) . (4-37) 



Therefore, 



with 



TZl {X, T) = TZli (X, T) + 7ei2 {X, T) (4.38) 



7eii(X,T) = cl^l dYdEe-'^-'^^\^> S,Sfeiai,H,W(??) ^(S) 

nL2ix,T) = cl,J S,Sfcis,ai,s^^^H(??)^(S) 

where we put (?J) = (X + 5^(X, F, T)j and (*) = (X + Y,T), respectively. Using (4.33) and 
integration by parts, we get 

TlLii*) ~cl,J rfFrfSe-^''-^<^l^>Sfc(-l)^'«)^'(^^) 

X 'dx,A{i) dl^^H{^) + dy.dZs{x,Y, T)a|,H.-w(J^)-4(?)" 

= - ^(-1)^(^^)^(^'=) [i^^A{*)d%^x,xA*) + dx,A{*)\d%xA*))dkB.B,n{**) (4-39) 

+ 5ix,^(*)5i.H,W(**)". 

Here, we used 

1 



'^TTai^5(x + Tr,T) 



aj..a^^ax,5(x,y,T) 

Calculating analogously, we get 



t 

(_l)P('^i)p(Hfc)+p(y,)p(H,)+p(n)p(E<)^3^^^^^^^(-^^)^3^ 



(4.40) 
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(II) To make the above procedure rigorous, we need to justify the usages of the changing the order 
of integration and those of delta functions. But, these are readify justified by using oscillatory integrals 
(see, Kumano-go [27]). Moreover, the estimate (4.23) is obtained easily. For example, we consider the 
first term of (4.39) 

By the structure of we have terms as 

A{X)dle,,^S{X)cP^^,^^n{X, dxS{X, T)). 
The derivatives dx^r these terms have clearly bounded body terms by (3.86) and (2.34). □ 
Remark. The main term is easily obtained from 

|a|=0 

The following theorem is given for the future use. 



{dP^{X + \y,^ + dxS{X, y , T)) • A{X + Y, T)) 



Theorem 4.6. Let U{A,S), H be as above. Then, there exists Br = Bii{X,T) such that 

U{A,S)H=U{Br,S). (4.42) 
Moreover, Br has the following expansion: 

BR = An- {-ir(^^hn{dr,A ■ dx,n + h-iyc^^^Afd^r^x^n + d'r.r.s ■ dl^x,n) ] + T^R 

where arguments of Br, A and S are {X,T) and that of H is ((— 1)^^^^9t<S(X, T), T). Furthermore, 
TZr{X, T) has the following from: 

TlRiX, T) = n^R^iX, T)Ti + nf{X, T). (4.44) 

Proof. As before, it is enough to calculate formally which yields (4.43). 
(i) Remarking Ti. is represented as (4.5), we have 



with 



Using 



where 



U{A,S)nu{X) = j d^dYdT A{X,^)e'^ '(■5(^'=)+<^l^-=»H°(F, T)u(T) 
= 0^,2 j dTe^'^"'^™BK(X,T)u(T), 

Br{X,T) = cI^J dsdy^(x,s)e*'^"'(^(^'=)-^(^'^)+<^i^-=»H°(r,T). 

S{X, S) - S{X, T) = (S, - T,)d^{X, 5, T) = {D^{X, S, T)|S - T), 



(4.45) 



(4.46) 



dr,S{X,E-T,T)= [ dTdr,S{X,T + T{E-T)), 
Jo 

D^.s{x,E-r,r) = {-if^^'^ [ dTdr,s{x,r + T{E-r)), 

Jo 

we define a change of variables as 

rs = s-T, ^rs = T + s, 

\y = Y -D^{X,E-r,T) \y = Y + D^{X,E,T). 
Rewriting (4.45), we get 

Br{X, T) = c|2 j dEdY e-*^"'<^I^U(X, S + T)n° (y + D^{X, S, T), . 



(4.47) 



(4.48) 
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(ii) Using Taylor's expansion for • • ) w.r.t. Y, we decompose 

+ D^{X, E, T), T) = H'^{D^{X, S, T), T) + Yjdx,H'^{D^{X, S, T), T) 



where 



So, we put 



where 



+ Wlx,^°(^>s,y,T) 

d^^WiX, E, Y, T) = dTi(l - n)d%^x^niT,Y + D^S{X, S, T), T). 
BR{X,T)=h+h + h, 
h =4,2 j dEdYe-'''''^^\^^A{X,E + r)n°(JhS{X,E,r),Ty 

and 

h=cl^J dSdf e-^'^"'<^I^U(X,S + T)f,ffeai^o(X,S,f,T). 
(iii) Using (4.32), we get readily 

h = A{X, E + T)H°iD^iX, E, T), T)\^^^ = A{X, r)n°{drS{X, T), T). 
Remarking the second equality of (4.33), integration by parts and applying (4.32), we get 
/2 = {-1)^-P^^ihhd^. \A{X,E + T)dx,H°{D^{X,E,T),r) 



(4.49) 



1 



(_l)l-f(H.),;, a^^^ . ^ (_1)P(T.)^ . . ai^^^.^O 



(4.50) 
(4.51) 

(4.52) 

(4.53) 

(4.54) 



(4.55) 



with arguments of A, S are {X, T) and that of is {drS{X, T), T). Therefore, we have the main terms 
of (4.43) by adding h + h- 

(iv) Using the second equality of (4.33) twice, we get 

I3=cl2j dEdYe-'''~'^^\^>A{X,E + T)Y,nd^~H%X,E,Y,T) 

= -(-l)f (^^)(i+P(^'=))i/ic^^2 J dEdY e-''^"'<'^l^>ffc [d^.A{X, E + T)d%^^0{X, E, Y, T) 

+ A{X, E + r)d^^ [dl^W{X, E, Y, T)]" 
= (_l)(i+p(H,)(i+p(H.));j2^2^^y dEdYe-'''~"^^^^^[dl^^A-dl^H^ 

+ 2d^A ■ d^^ [dQ^W] + A Sii.^ [dQ^W] } 

where in the last equality, the argument of A is {X, E + T) and that of d\^^^.TiP is {X, E,Y,T) 
Remarking (4.32) once more, wc have 

d^,\d%^W{X,E,Y,T)]=d^^[D^S] ■ dTi(l - ri)5i^^,^^.H°(riF + :D^5(X, S, T), t), 

J I 

and 

dl,^^[dl^W{X,E,Y,T)] 

= ai..,iSrS,/'..,:-n)ai..,««(.f.iSS,.,H,T,,T) 

, ^ , ^ (4.57) 

+ (_l^p(H,)(p(T,)+p(H,))g.j£,^^^] . d^^[Dr^S] 

X j'^ dTi(l - T^)dj,^x,x,x,'n\T,Y + D^S{X, E, T), T 



(4.56) 
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Therefore, we get 

^ (4.58) 



with 



where 



nR{x,r) = hi+h2 + h3 



731 = (-I)(i+p(^.))(i+p(^^))/i2c2_2y dEdYe-^^'^^^^^dl^^A-dl^o, 

732 = (-l)(i+p(^j))(i+f(Hfc));j2^2^y dEdY e-'^'^^^^^hdaA- d^Jd^^^^% (4.59) 

733 = (-I)(i+f(^^))(i+f(^'=))fi2c2_^y dSdFe-^^'^^I^^^Sl.gJSi^o]. 



Finally, we estimate TZf{{X, T) using the structure of H^. As 

dhxXi^' s) = di.Xi^' 2) = -c(a + 

using (4.49), we get 



Therefore, 

-^31 =-^311+ -^312 

with 



7311 - h^cl2 J dEdY e-'''''^^\^^dl^^A ■ 5„-fc(X, S, Y, Z, T)(t, + + T,), 
_2 y" rfSdy e-''^"'<^l^>a|^g.^ • ^jk{X, E, Y, Z, T). 



/312 = h^cf 

By integration by parts, we get 



T -■-2 

-'311 = ; 



where 



and also 



I2J dEdZe-'^ ''^^\^^dl^^A-Sjk{X,E,0,Z,T) 
+ h^cl^^ j dEdZ e-'''~'^^^^^dl^^A ■ Sijk{X, E, 0, Z, T) 

Sjk{X,E,Q,Z,T) = f\nn{l-n)d%^^^x.Ai(T,Z + D^{X,E,T)), 

J 



hi2=h^c\2 j dEdZe-'^~''^^\^^dl^^A--^jk{X,E,Q,Z,T). 
Therefore, applying the same procedures to 732 and 733, we get 

7eg(X, T) = h^cl^ j dEdZ e-'^^'^^^^^dl^^A ■ Sijk{X, S, 0, Z, T) + • • • , 

nf{X,T) = -'—cl2 / rfSdZe-*'^"'<^l^>5| e ^•<S,fc(X,5,0,Z,T)+73i2 + --- . □ 



5. Proofs of Theorem 2.6 and Theorem 2.7. 



5.1. The infinitesimal generator. Let u G ^gg q(?I^I^). As 

i;i^(^e''^"''^) = {ihAt - StA)e'^~'^, 
using the Hamilton-Jacobi equation, the continuity equation and the composition formula (4.22), we have 

ih^U{t, s)u{X) = C3,2 / dE {HA - ih[Ax,n^, + \A{nx,~, + 5x-.Wh,-)] ]e'^~'^u{E) 

at Jr)\3\2 I 

= n{x, dx)u{t, s)u{x) - nL{t, s)u{x) (s.i) 
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with 

Moreover, we have 
Proposition 5.1. 

\\'JlL{t,s)u\\<C\t- s\\\u\\. (5.2) 

Proof. Using the estimates (3.86) and (2.34), we get 

\7rBd^d^nL{t,s;X,E)\<Ca,b\t-s\. 
Therefore, we may proceed as we did in proving Theorem 3?. 3 to have (5.2). □ 

5.2. Evolutional property. The following theorem gives one of the main estimate necessary to apply 
Theorem A.l of [15] to our case. 

Theorem 5.2. Let u G ^ss,o(^^'^)- f I* ~ ■^l + I* ~ ^1 sufficiently small, we have 

\\U{t, s)U{s, r)u - U{t, r)u\\ < C{\t - + \s- r\'^)\\u\\. (5.3) 

By definition, we have 

U{t,r)u{X) = C3,2 / dSpi/2(t,r ;X,S)e''^"'^(*''':^'=)jrn(S), 

and 

U{t, s)U{s, r) u{X) = C3,2 / dT V^/^{t, s ; X, T)e*'^"''^(*'^ •^''^^J^{U{s, r) w)(T) 

= 4^ [ drdYdEV^/^{t,s;X,T)V^/^{s,r;Y,E) (5-4) 

^ gifi-i(S(t,s;X,T)-(r|T)+5(s,r;F,H))_^^(-2)]_ 

To prove Theorem 5.2, we follow the procedure of Taniguchi [45]. For the sake of notational sim- 
plicity, we use the following abbreviation: 

(/-I (X, S) = S{t, s ; X, S), S) = S{s, r ; X, S), <t>{X, S) - S{t, r ; X, S), 

Hi{X,E)=V'/^{t,s;X,E), MX,^) ^ V'/^{s,r ; X,E), ii{X,E) =V^'^{t,r ■,X,E), (5.5) 
Xi = \t- s|, A2 = |s - r|, A = Ai + A2. 

First of all, we prepare 
Lemma 5.3. There exists a unique solution (X,S), X = {x,6), S = (^, tt) of 

Ea = dxA<l>2{X,^), y^,j = d^^MX,E), TTfc = de^MX,^). 

Moreover, we have, for = {a,a),b = (/3, b), 

\7TBd%d^{X - X)\ < C„,i,A(l + |xb| + |eB|)(^-'"+''l^+, 

iTTBd^d^iE - 5)1 < Ca,bA(l + |xb| + |&|)(^-|«+''l)+. 

Proof. Putting 

MX,E) = cP^{X,E) - {X\E) and X = X + Y,E = E + r, 
with X = {x,e),Y= {y, uj), S = (^, tt), T = (??, p), 



(5.7) 



42 



ATSUSHI INOUE 



we rewrite (5.6) as 



■ y,- = % Ji(X, S + T), ujk = -d^,Ji{X, S + T), 
. VJ = J2 {X + Y,E), pk = de, J2 {X + Y,E), 



(5.8) 



where 



3=0 



e=o j=o 



Defining the map T : {Y, T) {i-l)P^-'> dsJiiX, E + T),dxJ2{X + Y, S)), we claim that there exists 6o, 
such that if A < (5o , then there exists a fixed point of the map T. 

To prove this claim, we decompose, for a = 1, 2, 

2 

where J^,*, = Ja,*,(a;,0 and 0= (0,0), 1 = (1,1), ci = (1,0) = di, C2 = (0, 1) = da € {0, l}^. 
Existence: We consider the body part of (5.8). 

yf^ = 9,^. Ji(x["l,0,^[°l +r;[ol,0) = d,^J,rooix^'\i^"^ + j = 1,2,3, 
r/f = J2(xM +y[°l,0,^[°l,0) = 9., J2,oo(xI°] +y[°UM), J = 1,2,3, 

with Ja,oo(a;[°l,C'"') = 0aB(a;[°l,C'*'') - ■ for (a = 1,2). By Theorem 1.7 of [28], there exists do, 
such that if |i — s| + |s — r| < Sq, the unique existence of solutions t?'"' of this equation is garanteed. 
Moreover, the estimate is also established in Theorem 1.7' of [28]. 

Substituting these ry'"] into (5.8), we get 



[1] 



41 = _a,^j,(a;[01,^W,^[01 +^[0],^[i] +^[1]) 

= J2,io(^^°l +2/[°U[°^)(4'^ +a,W) + ^ J2,c...(x[°l +j/[°U[°i)(7r'''=)W, 

fe=i 

= a,,J2(a;[01 +u;W,e[°l,^W) 

= -J2,io(x^°J +y[^$[°l)(^r' +4'') + E-^2,c...(x[°l +y[°U[°l)(^''^^ 

fe=i 



Clearly, the components of the right-hand side above are the given data. 
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For the part of degree 2, we have 

i,fc=i 

Here, ./i,oo(a;, 0^'' = T.T=i [^f,^.. Ji,oo(a;[°U[°l)a;f ' Ji,oo(a;[°U'°l)d"] , etc, and the right-hand 
sides are represented by the given data. 

Then, analogously we have, for C. > 1, 

and 

=a^J,(a;(2^+2),e(2m)^^(2^+2) +^(2^+2)^^(2^+1) ^^(2m))^ 
I T?P^+21 = d^J2{x^^^+^^ + 2^(2^+2), ^(2^+1) + ^(2^+1)^ ^(2^+2)^ ^(2^+1)) _ 

Estimate: We proceed as we did in proving Proposition 3?. 3. □ 
Putting the ^-product (t)i#(f)2 of (pi and (p2 by 

<Pi#M^, 2) = MX, s) - + </.2(x, s), 

we have 



Lemma 5.4. 

rax,(/'(xs) = aH>i(x,s), 



ds,ct>{X,E)=dxMX,^) for A=l,...,5. 



(5.9) 



Proof. By the above definition of <pi#(f)2, we get 

+ dx,XcdxaM^,^) 

= dxMx, s) + dx^^c {-lY^^'^^Xc - dx^Xc Sc - dx^^c i-iy^^^^Xc 

+ dx^XcEc = dxMX,E). 
Same holds for dE(j>{X, S). □ 

Lemma 5.5. 

0i#<^2(X, E) = S{t, r;X,E) = 4>{X, S) (5.10) 

Proof. We differentiate </)i#</)2(X, S) w.r.t. s to have 

^<^i#<^2(X,S)=0. 

As (^i#(/)2(X, S)|s=r = <j>iH^<j>2{X,'E.)\s=t = S{t,r,X,E), we get the result. More precisely, repeat the 
arguments in proving Lemma 5.2 of [15] with necessary modifications. □ 

Now, we have the following: 
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Proposition 5.6. Under the same assumption as above, we have 

|7rBa^a|(/ii(X,%2(^,S)-/x(X,H))| <C„,bA2. (5.11) 

Notation: In the following, for a small parameter S > 0, we denote by (Sol"^]) class of functions 
p(X,S)ei2^_o(5^"') satisfying 

\nBd%dlp{X,E)\<Ca,bS 

with a constant Ca,b independent of 6. 

Proof. Differentiate the first equation of (5.9) w.r.t. S to have 

dEdx<l>{X,E) = d^Ed^dx<i)i{X,E). 
On the other hand, from (5.6), we have 

J &eX = (-i)f(-)aHS9HaH0i(^,s), 

\ dsE = dsXdxdxMX, S) + dsdxMX, S). 
Substituting the first equation above into the second one, we get 

dsE[I-{-lf<^-^dsdsMX,^)dxdxMX,^)]=dEdxMX,^). 

Because of 

\wB{-ir^^'>dsdsMX,^)dxdxMX,m < < 1, 

we have 

dsdxHX,E) = dsdxMX,E) 

X [I - {-l)P(^^dsdsMX,^)dxdxMX,m~'dEdxMX,^). 

We prove that there exists qi {X, S) such that 

sdet (7 - i-lf^^^dsdsMX, E)dxdxMX, S)) = 1 + qi{X, S). 
Moreover, by the same argument of Proposition 1.5 of [28], we have 

7rB(l + (?i(X,5)) > (l-^o)'" >0, 

which yields 

sdet d^dx<i>{X, S) = sdet [d^dxMX, S)) • (1 + qi{X, E))-^ ■ sdet {d^dx<i>i{X, S)). 
Taking the square root of both sides, and remarking the elements of the right-hand side are even, we have 

/x(X, 5) = /XI (X, S)m2(^, 5) + q2{X, 5) 

with 

q2{X, S) = S)/.2(X, S)[(l + gi(X, S))-V2 _ i] 

gi(X,S) 



= -/Zi(X,S)A*2(X,S)- 



Vi + gi(^,s)(i + vi + 9i(^,s)) 

Then, we have readily that q2 {X, S) e [>?] . □ 
Rewriting (5.6) by 

Y = X + Y, T = i: + T, 

we have 

</.i(X, T) - (y|T) + ^2{Y, S) - .^(X, H) = -(F|t) + 7e(X, S, F, T) 

where 

7e(X, S, F, T) = *i(X, S, T) + *2(X, S, Y) 
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with 

^i{X, S, T) = *i(T) - MX, S + T) - MX, S) - (1|T), 
^2{X, E, Y) = *2(F) =MX + Y, S) - MX, S) - {Y\E). 
Therefore, we may rewrite (5.6) as 

U{t,s)U{s,r)u{X) =C3,2 [ dEB{X,E)e'^~''l'^^'^^J^u{E), 

with 

B{X,E) = cl, I dTd?Mi(^,S + T)/.2(X + ?,S)e^'^"'WW,T)-(r|T»_ 

Now, we want to prove 
Proposition 5.7. 

\-KBd^xdl{B{X,E) - MX,E)ii2{X,E))\ < C^^^W (5.12) 
To prove this Proposition, we remark 



Lemma 5.8. *i(X,S,T) and*2(^,S,y) satisfy 



|7rBa^a|*i(X,S,T)| < Ca,(,kBT|2, 
|7rB5^5|*2(X,S,y)| < Ca,6|7rB?^ 

|7rBaj^a|a|%*i(X,S,T)| < Ca,b,c(7rBT), 



\-K^d^xdld\dy^2{X,E,Y)\ < C„,b,c(7rBF). 



and /or c ^ 1, 

|7rBa|ax*i(X,S,T)| <Cc, 
|7rBa^ay*2(X,S,F)| <(7c. 



(5.13) 
(5.14) 

(5.15) 



Proof. As ^i(T) is represented by 

*i(t) = XT / dT(l - t)MMX, 5 + tT), 
Jo 

we get readily the first inequalities in (5.13). Rewriting 

aY*i(T) = &s.(l)^ - (-l)f(^)l = %Ji - (X - X) 

= t/' dT^9H?!'i(X,S + TT). 

Then, we get the first inequality of (5.14) from the last expression of (5.16) and the first inequahty of 
(5.15) from the third expression of (5.16). Similar arguments work for other inequalities. □ 

Remarking 



(5.16) 



gift = 1 + ^/1-1^2 C dre'^^ 
Jo 



we rewrite 



S(X,S) = cl2 / dTdyMi(^,S + T)/i2(X + ?,S)e^^"(*^('''='"^^-<^l*>^ 

+ ih-^ C dTBx,r{X,E) (5-17) 

JO 

where 

BMX,^)=cl2 I dTdY-^2{X,E,Y)MX,E + r)MX + Y,E) 



^ g»S-i(*i(X,H,T)+r*2(X,H,y-)-(y-lT))_ 



Lemma 5.9. The symbol Bi^r{X,E) belongs to «Sq[A ] uniformly with respect to t. 
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Proof. Remarking 

*2(r) =V 1^4*2,^ (F) with ^2,AiY)^ f dTdY^'^2{TY), 

Jo 

we have 

5 

Bi,,(X,S) = ^Si,,,^(X,S), 

o=l 



Here, we put 



and we used 



Setting 



= s, T) + tMx, s, y) - (y |T), 

T) = *2,A(F){atf i(T) • Ml + i9T/xi}M2, 



we have 



We apply the Lax's technique. That is, we have 



We have 



|7rBa^a|a^*2(x,s,y)| < a.b.cAs^By) 



On the other hand, from 

1 + iTTBat*^! + IttbOy^^I > C{1 + {IttbY] - AiIttbTI) + (IttbTI - A2|7rBy|)} 

> C(l + Ittb?! + IttbTI). 

and 

|7rBa^{at^*i(T)/xi < CcAi(7rBT), 

we get 

|7rB(/:;)""^'Si,,(y,T)| < CX\1 + \nBY\ + IttbTD-^^^+D 

This proves 

Using the Taylor expansion, we may rewrite the first term of (5.17) as 
, / dTdy/xi(X,S + T)M2(X + y,S)e''^"'(*^(^'='^)-<-^l^» 

JSK3|2xK3|2 

„1 5 



^3,2 



— ^3,2 

with 



B2,.,a(X,S) =0^2 / dTrfy/zi(X,S + T)yAax,/X2(X + ry,S)e^'*"'(*^(^'='^)-<^l^» 

= 0^2/ dTdyS2,r,A(?,T)e' 



and because of 
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Lemma 5.10. The symbol B2,t,a{X,'E.) belongs to 5o[A^] uniformly with respect to r. 
Proof. Set 

^ 1 - idr^° ■ dr - ^^y^° • dy ,^-i^o ^ ,^-^^o 

° l + ?l-l|5x*0|2 + ?l-l|ay*0|2' ° 

and apply the Lax's technique. We have 

B2AX,^)=4, f rfTdFe^'^-^*"(/:*)''"+'B2,r,A(?,T). 



As 

we get 
This proves 

Corollary 5.11. 



\TrBd^{ds^fi2{X + TY,E)}\ < C\X2 
|7rB(/:S)""^'^2,r,A(?,T)| < CX\1 + IttbFI + IttbTD-^^^+i) 

\7rBd^d^B2,r,A{X,^)\ < Ca,bX''. □ 

|7rB515|(S(X,5)-M(X,S))| < Ca,bX^. (5.18) 



Proof. Combining (5.11) amd (5.12), we get the desired result. 

Proof of Proposition 5.2. By (5.18), we get the desired result (5.3). □ 

5.3. Proof of Theorem 2.6. Using Theorem A.l in [13], we have our Theorem 2.6 readily. □ 

5.4. Proof of Theorem 2.7. Prom Theorem 2.6, using identifications jj and b, we get the desired 
results. □ 

6. Concluding remarks 

Though in this paper, we answer one of several problems in Inoue [13], we give other problems which 
should be solved: 

(i) Propagation of singularity: How one can extend Egorov's theorem to the system of PDE (see 

[4])? 

(ii) How does the Aharonov-Bohm effect and Berry's phase appear when Schrodinger equation is 
replaced by the Weyl equation (see [35])? This should be studied by constructing the fundamental solution 
of (W) using ^-product introduced in Kumano-go [26]. 
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